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ABSTRACT
THE EFFECTS OF NONLINEAR DAMPING ON THE LARGE DEFLECTION 
RESPONSE OF STRUCTURES SUBJECTED TO RANDOM EXCITATION
Chunchu Bhavani Prasad 
Old Dominion University, 1987 
Director: Dr. Chuh Mei
Effects of both nonlinear damping and large deflection stiffness are included 
in the theoretical analysis in an attem pt to explain the experimental phenomena 
of aircraft panels excited a t high sound pressure levels; th a t is the broadening of 
the strain response peak and the increase in modal frequency. Beams and sym­
metrically lam inated plates subjected to acoustic excitation are considered in the 
analyses. The excitations are ergodic and Gaussian with zero mean. A polyno­
mial containing both  linear and nonlinear damping terms is considered as a  damping 
model. Galerkin’s method is used to derive modal equations. Direct equivalent 
linearization is used to solve nonlinear differential equations which contain both 
nonlinear stiffness and nonlinear damping terms to  determine mean square max­
imum deflection, mean square maximum strain and spectral density function of 
maximum strain  for the structures.
For beams, simply supported amd clamped, three modes are considered in the 
analysis. Isotropic m aterial is considered for beams. It is shown that the choice of 
linear damping is im portant for multiple modes analysis and has more influence on 
root mean square (RMS) strains than on RMS deflections. Nonlinear damping has 
maximum influence on the first mode and has considerable influence on deflection 
and strain and modal frequency.
For laminated plates, simply supported and clamped, only single mode analysis 
is carried out. Immovable and movable inplane edge conditions are considered.
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Graphite/Epoxy is the material used. It is shown th a t small values of nonlinear 
damping coefficient have significant influence on panel RMS deflection and strains 
and modal frequency.
It is identified tha t nonlinear structural damping causes the broadening behav­
ior of the stra in  response peaks at high sound pressure levels. Nonlinear analysis 
(laxge deflection with nonlinear damping) would yield more accurate and realistic
j *  ,  •  i  ^  . ._-_r i ___ In_ — a  J  1 J4. •    ^ 2 , ^ 4  ^  i _ •prCuiCvions on pcinc* rauuOin response. n.nu 8 >iso 11 is snowxi m at u'y one inclusion
of nonlinear damping, the linearized frequencies and RMS deflections and strains 
will be more realistic.
This analytical investigation will help to broaden the basic understanding of 
the role of nonlinear damping on random response of structures and lead to better 
sonic fatigue design criteria.
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Chapter 1
INTRODUCTION
In the area of structural mechanics the prim ary motivation for studying damp­
ing is its importance as an engineering property in the analysis of structural response 
and performance. The solution of several types of problems in structural mechan­
ics requires information on the damping in the system before an analysis can be 
undertaken. Near-resonant vibration response, flutter and other aero-elastic prob­
lems, rolling and sliding friction, shaft whirling are a  few examples of such problems. 
Among these, the problems related to the control of near-resonant vibrations caused 
by mechanical or acoustical excitation are the most prominent.
The normal engineering practice to consider damping in solving vibration prob­
lems is to include only viscous damping in the solution so tha t equations of motion 
are linear and economical to solve. In view of the complicated nature of damping 
and the difficulties associated in formulating nonlinear damping, it is evident why 
viscous damping is usually chosen. Although nonlinear damping is a cumbersome 
complication, theoretical considerations indicate it may not only be appropriate but 
also necessary. In theoretical explanations a nonlinearity is found to exist in the 
strain-displacement relations even though linear stress-strain relations are assumed. 
So, when the local internal damping is conceived to be linearly dependent on the 
local strain or its derivatives, the total damping might be nonlinear. As such, 
the study of nonlinear damping in vibrations is essential to represent and predict 
real responses more accurately than allowed by the limitations of linear analyses 
and damping models. Observed phenomena are, in general, actually nonlinear in 
nature.
1
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The nature of some im portant damping mechanisms, both linear and nonlin­
ear, are discussed in Chap. 2. The idealized mathematical models for the damping 
mechanisms which axe commonly employed in theoretical analyses are noted, with 
emphasis on the efforts so far made in formulating nonlinear damping models. The 
various approaches for solving the differential equations which include these non­
linear damping models are also discussed.
irluuj of today s structures are subjected to excivaifivuo vruiui <uc 1 <uidom in 
nature. Examples range all the way from aircraft and missile structures subjected 
to aero-elastic and aero-dynamic loads to  civil engineering structures acted upon by 
earthquake and wind loads. In some cases, the response statistics of such structures 
will be strongly time dependent or nonstationary, but in many applications, the 
response may be considered stationary. In this study only stationary excitations 
are considered.
The response of aero-structures to acoustic excitation is a major cause of fatigue 
failures and is an important design concern. The pressure fluctuations in the flow 
tha t surrounds these structures due to turbulence and jet noise, make them vibrate 
continuously at high frequencies. As a result of which, new cracks might be initiated 
or already initiated ones might propagate. The introduction of fiber reinforced 
composites as a major aero-structure material has increased the incidence of these 
failures owing to the sensitivity of these materials to strain in particular directions.
The majority of analytical studies to date have been formulated within the 
framework of linear or small deflection structural theory. Analytical methods 
which are currently in vogue for sonic fatigue prevention are based essentially on 
linear theory. But various test results have demonstrated tha t high noise levels 
produce nonlinear large deflection behavior. Geometric nonlinearities originate 
from the stiffening effect tha t large deflections have on a structure. It is well 
known that stretching of mid-surface of a deformed structure tends to reduce the 
normal deflections, thus also reducing the bending stresses. At the same time, the 
membrane stresses are increased which are usually tolerated by the structure. And 
the overall total stress for a given loading turns out to be smaller. Thus a large
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
deflection theory which takes into acount the geometric nonlinearities provides a 
much accurate design criteria. A literature survey encompassing all these aspects 
is presented in detail in Chap. 3.
Stochastically excited linear systems have been studied in great detail and nu­
merous analytical techniques exist for treating both stationary and nonstationary 
problems. Unfortunately many structures of engineering interest and their vibra­
tory behavior cannot be considered linear and the techniques of analyzing nonlinear 
systems are not nearly so well developed. Since, it is difficult to get exact solu­
tions for such systems except in relatively few cases, the search is on for various 
approximate techniques. Some of the approximate techniques tha t are available 
for solving the nonlinear systems subjected to stochastic excitations are noted in 
Chap. 3, with emphasis on the cases where the damping forces are nonlinear. Of 
all the approximate techniques for the nonlinear systems under random excitation, 
direct equivalent linearization has some advantages and is relatively easy to ap­
ply. As such, this approach is selected for determining response characterstics of 
structures with both stiffness and damping nonlinearities, in this study.
Even though recent analytical efforts have demonstrated th a t the prediction of 
panel random response is greatly improved by the inclusion of large deflection effects 
in the formulation, the test results show th a t the measured values are still lower than  
the predicted ones at higher sound levels. Further the broadening of response peaks 
at higher excitation levels cannot be explained by the large deflection theory alone. 
It is shown, in Chap. 3, tha t it is possible tha t at higher excitations some kind of 
nonlinear damping mechanism might play a role along with large deflection effects. 
Thus the need for some kind of nonlinear damping model to be included in the 
analysis is established. As a nonlinear damping model a polynomial of displacement 
w is proposed which is to be included in the governing differential equations in place 
of a constant damping coefficient as in the case of viscous damping.
In Chap. 4, the governing differential equation of a beam subjected to external 
excitation is derived in detail from equilibrium considerations. Large deflection 
amplitude effects are included. A nonlinear damping model, as proposed earlier
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
in Chap. 3, is included in the governing differential equations. The structures 
considered in this study axe beams and laminated plates. These structures are 
subjected to broad band acoustic excitation. Two types of support conditions 
for beams are considered: 1. Simply supported, 2. Clamped. Using suitable 
displacement functions and Galerkin approximation, the equations of motion are 
derived. Since the beam is a  continuous system, it should be treated as a system 
with multiple degrees of freedom . But the presence of nonlinear spring restoring 
force causes a  nonlinear coupling of the modes under multiple modes analysis. It 
is known that single degree of freedom analysis provides reasonably accurate pre­
diction of displacements bu t provides less accurate estimates of the stresses and 
strains. Multiple degrees of freedom analysis is carried out to  determine the effects 
and interactions of multiple modes, nonlinear stiffness, and nonlinear damping on 
the response of beam structures.
The same kind of analysis is extended to symmetrically laminated composite 
plates subjected to broad band acoustic excitation. The von Karman-Herrmann 
large deflection plate equations axe used. And, the same nonlinear damping model 
that is used for beams, is included in the plate governing equations. Since a 
nonlinear multiple modes solution for plates will be complex, only a single mode 
analysis is presented. Two types of boundary conditions are considered. One, all 
edges simply supported and the other all edges clamped.
The results in the form of maximum strains and maximum strain spectra for 
both beam and plate structures are presented in Chap. 5. For the beam only 
isotropic material is considered. And for the beam, the results for both single 
mode solution and multiple modes solution with and without nonlinear damping 
are shown.
Graphite/Epoxy is the material considered for the laminated plates. For plates 
the results are given only for single mode analysis with or without nonlinear damp­
ing. The results show th a t the inclusion of nonlinear damping besides large de­
flection effects in the analyses would yield more accurate and realistic predictions
4
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of response of the structures. And the response spectra clearly establish th a t non­
linear structural damping causes the broadening behavior of the response peaks 
at higher excitations. In Chap. 6 , summarization of the results and concluding 
remarks regarding present and future work axe presented.
5
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Chapter 2
NONLINEAR DAMPING MODELS
In this chapter the role of damping in structural vibrations is considered in 
detail. The various mathematical models for the damping phenomena which are 
available in the literature are presented. Some of the shortcomings of linear dam­
ping models are noted. The necessity for nonlinear damping models and the efforts 
made so far in formulating nonlinear dam ping modeis axe presented.
2.1 Damping
The central phenomenon of vibration theory is cyclic oscillation. A major 
feature of oscillation dynamics is the cyclic transformation of potential energy into 
kinetic energy and back again. This feature is clearly displayed by idealized models 
involving only elastic and inertial elements. For example the natural frequencies 
and natural modes of vibrating systems and the group and phase velocities of wave 
propagating systems are obtained from such idealized models. Secondary aspects of 
oscillation dynamics can be explained by accounting for a damping mechanism, i.e., 
a mechanism which removes energy from the oscillating system under consideration. 
Damping is responsible for the eventual decay of free vibrations and provides an 
explanation for the fact that the response of a vibratory system excited at resonance 
does not grow without limit.
The energy lost is either transm itted away from the system by some mechanism 
of radiation or dissipated within the system. The damping in materials can be 
caused by a variety of combinations of fundamental physical mechanisms, depending
6
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on the specific model. For metals, these mechanisms include thermoelasticity on 
both micro and macro scales, grain boundary viscosity, point-defect relaxations, 
eddy-current effects, strain induced ordering, and electronic effects [l].*
2.2 Mathematical Models for Damping
The purpose of developing a mathematical model for the rheological behavior 
of a  solid is to permit realistic results to be obtained from mathematical analysis 
of complicated structures under various conditions such as sinusoidal, random, and 
transient loadings. According to Ref. 1, as early as 1784 Coulomb recognized that 
the mechanisms of damping operative a t low stresses may be different from those at 
high stresses. Even today after such an extensive research on damping, still major 
emphasis is placed on linear models of damping for several reasons: they have suffi­
cient accuracy for the low stress levels and linear analyses are computationally more 
economical than the nonlinear ones. And also in view of the complicated nature 
of damping and the difficulties associated with a nonlinear damping formulation, it 
is not surprising tha t linear model is usually chosen. But concerns arise from the 
use of linear damping models. Some of the specific concerns are tha t the model 
could under predict peak response inaccurately and ignore some peculiarity in the 
real system, such as stops in the motion, change in frequency or changes in phase 
angle.
2.3 Linear Models
Before going to nonlinear models, it is worthwhile to examine the linear dam­
ping models to understand their limitations. The prototype for a lossless vibration 
system is the simple spring-mass model shown in Fig. 2 .1a. The natural free vi­
bration is simple harmonic motion with frequency When the exciting
force is a steady-state sinusoid with frequency u  there is a steady-state sinusoidal
* The numbers in square brackets indicate references.
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F ig . 2 .1  Ideal single degree of freedom models, (a) Lossless 
model (b) model with ideal viscous damper.
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solution for the motion which has the same frequency to and has a  finite amplitude 
if u) ^  u n . This model possesses many characterstics of actual physical systems 
but suffers from the following drawbacks. The free vibration, once excited, never 
decays. When excited at resonance to = ton by a steady-state sinusoid applied at 
t =  0 the predicted response is an oscillation whose amplitude grows with t , i.e., a 
steady-state is never achieved. When excited by a  stationary random  force whose 
spectrum luclud.es y  t-lie response is a non-stationary random process whose Root- 
Mean-Square (RMS) value grows essentially in proportion to y/t ; i.e., a stationary 
state is never achieved [2].
The classical remedy for these drawbacks is to introduce an ideal linear dashpot 
into the model as shown in Fig. 2 .1b. It is assumed th a t the dashpot exerts force 
Fd =  cv in opposition to a relative velocity v across the terminals. The constant 
c is called the dashpot param eter. The free vibration in this case is a damped 
oscillation and there is a finite steady-state response to any steady-state sinusoidal 
excitation. There is also a stationary random response process for any stationary 
random excitation process.
It is worthwhile to examine the ideal linear damper more closely. Suppose that 
a steady-state simple harmonic motion x  =  a cos tot is established in Fig. 2.1b. 
The energy A E  dissipated in a cycle is
A E  = I "  c { t ) t dt = wctt2M {2-1}
While the peak potential energy stored in the spring during the cycle is
V  — -  ha? (2.2)
2
The lossfactor tj is defined as the ratio of energy lost in a cycle to the peak potential
energy V  stored in the system during the cycle. Thus the lossfactor for a linear
damper would be
A F .
77 =  (2.3)
'  2 irV  k K ’
9
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We may note th a t the absolute value sign on w is required in Eq. (2.1) since the 
motion x(t) itself, as well as the energy lost per cycle, is not affected by changing 
the sign of w . Thus considered as functions of w , the energy loss per cycle A E  
and the lossfactor rj are real, non negative and even.
In many applications where damping is light, the effect of damping is appre­
ciable only for resonant or near-resonant motions. These effects can be described 
in terms of the lossfactor at resonance.
c | w n | C
Vn ~ k ~
When the exciting force in Fig. 2.1b is a steady-state sinusoid the steady-state 
response is
x = X  sin (w t +  <f>) (2-5)
where the response amplitude X  depends on the frequency u  and on the resonant 
lossfactor rjn as shown in Fig. 2.2. Note tha t for light damping the response 
amplitude is substantially independent of damping except in the vicinity w =  u)n 
where it depends critically on T]n . Also it can be inferred from Fig. 2.2 that 
the spectral density of the response to a stationary random  exciting force depends 
critically on the resonant lossfactor.
In general the lossfactor r\ depends on both amplitude and frequency of the 
oscillation [2]. If however, the system is completely linear, then both A E  and V 
are proportional to o2 and the lossfactor is independent of amplitude. For linear 
damping mechanisms the lossfactor generally has an im portant frequency depen­
dence. In many cases, however, the frequency dependence of actual lossfactor bears 
little relation to Eq. (2.3) for the ideal dashpot. Neverthless for many purposes 
the actual damping can be modelled satisfactorily by equivalent dashpot [3]. This 
is indicated in Fig. 2.3, where the frequency dependence of an actual lossfactor in 
a single degree of freedom oscillator is compared with th a t of an ideal dashpot. If 
the dashpot is selected so that its lossfactor is the same as the actual lossfactor at 
the natural frequency of the oscillator, the behavior of the model will be sufficiently
10
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F ig . 2.3 Frequency dependence of actual loss factor of an 
equivalent ideal dashpot.
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close to tha t of the actual system for most purposes. At most frequencies the 
model will have the wrong damping bu t the effect on the dynamic behavior will not 
be significant if damping is light. The rate of decay of free oscillation and the fre­
quency response curves for the actual damping can be estimated quite satisfactorily 
by the dashpot model if the lossfactor at resonance is matched. This technique is 
known as the equivalent viscous or lineax damping method.
2.4 Solid or Hysteretic Damping Models
The viscous damping assumption mentioned earlier is chosen primarily for 
mathematical convenience, since it yields the only known simple solution for tran­
sient response modelled by the complimentary solution. However, for a large 
number of engineering problems, the effect of damping on the steady-state response 
represented by the particular solution is of primary interest. Also when the fre­
quency at which damping is im portant is known in advance, it is usually adequate 
to model light damping by equivalent ideal dashpot as described above. A more 
faithful model of damping is, however, required when it is not known initially at 
which frequency the damping will be critical. Hysteretic damping based on the 
concept of complex modulus can often be effectively utilized in the calculation of 
steady-state response.
The system shown in Fig. 2 .1b is a  two-parameter rheological system known as 
the Kelvin-Voigt model with mass attached. The model is a  first approximation 
to the behavior of a viscoelastic solid. However, it suffers from the following 
disadvantages [l] :
1. There is no elastic response during application or release of loading.
2. The creep rate approaches zero for long durations of loading.
3. There is no permanent set irrespective of loading history.
But it should be noted th a t this model is the simplest one which permits the 
representation as a complex quantity when subjected to sinusoidal motion. To
13
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show this we can write the differential equation of motion of the system shown in 
Fig. 2.1b subjected to  a sinusoidal excitation as
m x  +  c x  -\-kx = A e lU}t (2 .6)
Then the steady-state solution of Eq. (2.6) will be
x(t) =  =  A{{k -  m u 2) +  i u c } ~ l eiu,t (2.7)
where $  is the phase angle between the response x  and the exciting force and a
is the displacement amplitude. It is noted that the terms having Kelvin-Voigt
element coefficients k  and i u c  can be grouped into a single Kelvin-Voigt complex 
s t i f fn e s s  as follows:
k = k + i u  c (2-8)
Alternatively, the Kelvin-Voigt element coefficients could have been grouped into a 
single complex damping  coefficient as follows:
/ i k , . ,c =  c - ( — ) (2.9)
OJ
In 1927, Kimball and Lovell [3] observed that many engineering materials ex­
hibited energy losses which are contradictory to Eq. (2.1). Specifically they found 
A E  was proportional to o2 but independent of u , i.e.,
A E  = cd a2 (2.10)
Of course later work by Wegel and Walther [4] showed that A E  oc a2 but c<£ is a 
weak function of u . Still later Lazan [1, 5] demonstrated th a t for stresses below 
the fatigue limit of the  material, tha t A E  oc a2 and cd was practically independent 
of u.  From Eq. (2.6), it is evident that damping force in the dashpot is given by
Fd = c x  = iu c a e t u^ i ~ ^  (2-11)
14
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Equating the energy dissipated per cycle in a Kimball-Loveli type material, from 
Eqs. (2.10) and (2.1) one obtains
Cd = 7rcw (2-12)
To utilize the Kimball-Loveli observation in practical structural dynamic analyses, it 
is desirable to have an expression for the associated damping force, i.e., an equation 
analogous to Eq. (2.11), which governs the dashpot. Combining Eqs. (2.11) and 
(2 .12), one obtains the following frequency dependent damping relation
Fd =  ( - ) x  (2.13)CJ
where 6 is a constant given by
b = Cd / n = cu! (2-14)
The kind of damping represented by Eq. (2.13) has been named frequency dependent 
damping, since the usual dashpot coefficient c is now replaced by the quantity
6 /a ;. For the damper represented by Eq. (2.13), it is convenient to replace k  in
the undamped system by the Kimball-Loveli complex s t i f  fn e s s  [6],
k' = k +  ib  (2.15)
where now it is noted tha t k  and 6 are assumed to be independent of frequency. 
This representation has been extensively used in aircraft structural dynamic and 
flutter analyses [7].
An alternative to Eq. (2.15), is to use the concept of complex damping coeffi­
cient originated by Myklestad [8], in which the spring constant is replaced by
k"  = Ci ein (2.16)
where Ci and n  are constants. To alleviate the difficulty of interpreting the u  
in Eq. (2.13) for the free vibration or multiple frequency forced vibration, Reid [9] 
has suggested the folllowing form
Fd = 6 | ^ | i  =  {Sgn x) b |xj (2-17)
x
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where the symbol Sgn  denotes sign o f  and represents a  function having +1  if 
the argument, x  is positive and - 1  if the argument is negative. Mathematically 
the function can be written as S g n x  =  x / \x \ .
In summary, four different versions of a linear damping model for the hysteretic 
or solid damping are there. In terms of the differential equation of motion for free 
vibration they may be written as follows:
m x  +  (—) i  +  k x  =  0ur
(2.18a)
m x  +  (k +  i b) x  =  0 (2.186)
m x  + Ci etn x  = 0 (2.18c)
m x  +  b \ x / x \ x  +  k x  =  0 (2.18d)
The hysteretic damping models represented by Eqs. (2.18) have been criticized 
by many investigators for various reasons. Some of the reasons as listed in Ref. 7 
are as follows:
1. In Eq. (2.18a) the interpretation of a; is dubious. One investigator felt that 
w is associated w ith the imaginary part of the pair of complex roots, but there 
is no clear justification for such an interpretation.
2. Equations (2.18b) and (2.18c) are equations with complex coefficients and the 
meaning of this is not clear. Furthermore, although they have complex expo­
nential solutions neither the real nor imaginary parts alone are solutions.
3. Equation (2.18d) is a  nonlinear differential equation due to the behavior of 
\x /x \ .
4. None of the models represented by Eqs. (2.18) can be simulated even on a 
conceptual basis, on an analog computer.
5. The model represented by Eq. (2.18a) does not meet the condition of causality 
for physically realizable systems.
6 . Equation (2.18b) fails to give the proper relations of a  damping force tha t is 
proportional to  displacement and in phase with the velocity.
16
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Summing up, one can say tha t these linear models perform adequately under 
sinusoidal excitation, bu t are not adequate for free or transient vibration. It can be 
shown th a t the sinusoidally forced vibration versions of free vibration Eqs. (2.18a), 
(2.18b) and (2.18c) are exactly equivalent and probably the most popular form of 
writing this is as follows:
m x  -f (k  +  i b ) x  =  A e tu t  (2-19)
According to Reid [9], the major emphasis has been on these linear models 
since they are accurate enough in low stress regimes and are more economical com­
putationally than nonlinear models.
2.5 Nonlinear Damping Models
A more serious disparity beteween model and reality occurs when the actual 
damping mechanism is nonlinear. The specific ways in which the energy is dissi­
pated in vibration are dependent upon the physical mechanisms active. As such 
the types of damping th a t are present will depend on what mechanisms are predom­
inant in the given situation. These physical mechanisms including various types 
of external friction and internal material friction have been studied extensively and 
are complicated phenomena. Thus any representation of a vibrating system will 
have to be a generalization and approximation of the true physical situation. Some 
of the im portant nonlinear damping formulations are presented below.
2.5.1 Coulomb Damping
In Coulomb damping the force resisting the motion is assumed to be propor­
tional to the normal force between sliding surfaces as shown in Fig. 2.4 and is 
independent of velocity except for sign. Denoting by Fd the magnitude of the 
damping force, the equation of motion can be w ritten in the form
m x  + F d { S g n x ) +  k x  =  0 (2.20)
17
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Equation (2.20) is nonlinear, but it can be separated into two linear equations, one 
for positive and another for negative x  as follows:
- , l. i  ~Fd if s  >  0 ;
mx + kT = {+ Fi > f i < 0. (2-21)
The solution of Eq. (2.21) can be obtained for one time interval a t a  time, depending 
on the sign of i .  It can be shown th a t over each half cycle the motion consists 
of a  constant component and a harmonic component with a frequency equal to the 
natural frequency of the system, where the duration of every half cycle is equal 
to 7r /wn . For Coulomb damping the decay is linear with tim e, as opposed to 
the exponential decay for viscous damping. The motion stops abruptly when the 
displacement at the end of a given half cycle is not sufficiently large for the resisting 
force in the spring to overcome the static friction. This occurs a t the end of the half 
cycle for which the amplitude of the harmonic component is smaller than 2Fd / m .
Coulomb damping arises in laminated springs such as those employed in vehicles.
The combined use of viscous damping and Coulomb damping has been investigated 
by Den Hartog [10]. He gave an exact solution for the symmetric steady motion 
of a  single degree of freedom system. Shaw [ll] has extended the above results to 
include a static coefficient of friction different from dynamic one.
2.5.2 Solid Friction Damping
Dahl [12, 13] presented a mathematical model of solid friction tha t was for­
mulated based on the observation tha t time rate of change of solid friction can be 
expressed as
dF{x) _  dF{x) dx 
dt dx dt [ ' ]
where F(x) is a solid friction force which is a function of displacement x  only,
and which has the characterestic shown in Fig. 2.5. The friction force function
F(x) monotonically approaches +  Fc as long as x  is positive. W hen the direction
of motion is reversed, x  < 0 and F(x)  follows the negative of its original shape
and approaches — Fc . The friction function slope d F ( x ) /d x  , however remains
19
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positive a t all times, even though x  changes sign. It was discovered th a t this 
hysteretic behavior could be simulated with friction slope functions of the form
dF ix)  F  _ /  F  _
—:-----  =  <7 |1 -  —  Sgnx \ Sgn  I 1 -  —  S g n x
CL X  J? c  y  j T  c
The quantity a is the rest stiffness or slope of the force deflection curve at F  = 0 , 
and Fc is Coulomb fr ic tion  force  which can also be thought of as a yield force or 
as a running fr ic tion  force (for example, as found in bearing friction). The expo­
nent i  characterizes the curvature on the load-deflection curve of the solid friction 
material. The function given by Eq. (2.23) is of the same appearance as functions 
found and used by Iwan [14] to model hysteresis damping of structures. The solid 
friction model behaves like Coulomb friction at large amplitudes of oscillation and 
at low amplitudes it behaves like structural damping, wherein its equivalent linear 
damping ratio varies directly with the amplitude.
2.5.3 Power Law Viscosity Damping
A dashpot damper can be nonlinear in one or both of two ways, (a) through the 
nonlinear Theological properties of the damping fluids employed or (b) through the 
geometry and design of dam per mechanism. When departures from dashpot lin­
earity occur—because of turbulence or dashpot geometry—the resistance to motion 
of the dashpot is generally considered to obey a relation such as
Fd = c i | x | (n-1) (2.24)
where n is a constant. Velocity squared damping is present when a mass vibrates in 
a fluid and the damping force is given by Eq. (2.24) with n  = 2. The characteristics 
of power law viscosity damping model are shown in Fig. 2.6. Viscous damping, 
as discussed previously is a special case of this type of damping if the fluid flow is 
laminar (n = 1).
(2.23)
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2.5.4 Non-Quadratic Solid Damping
Another approach for quantifying the solid damping behavior of materials is 
through the hysteresis loop which is obtained from experimental measurements on 
a material sample [l, 15]. Figure 2.7 illustrates a type of hysteresis loop which 
is a typical representative for constructional metal alloys. The loop is extremely 
thin, unless the metal is strained into the plastic range, and is not easily observed 
directly. However the cusped shape seems to be a quite common feature. Many 
nonlinear analyses of damped response of structures have been carried out using 
analytical representations of such a hysteresis loop, each half of the loop having a 
different functional form. One such representation is
a = E  je -  V-  [(£0 + e)n ~  2 ^  eg] j  (2.25)
a = E  j e  +  £  [(£0 -  e)n ~  2n_1 £g] } (2-26)
where a  is the stress during the loading part of the cycle and o  is th a t during 
the unloading part and v  and n  are nondimensicnal quantities. For n =  2 
these equations reduce to  an elliptical hysteresis loop, which corresponds to a linear 
viscoelastic material having a loss factor 77. An alternate form, somewhat simpler, 
is
a  =  £ ( e ) { e ± ! 7 ( e ) £ o | l - | r }  (2-27)
with -E(e) =  E q/{1 +  £*]e]m) for a softening spring behavior with a  and m  as 
nondimensional parameters. Hysteresis loops corresponding to these equations are 
shown in Fig. 2.8. Musyznska and Jones [16] used this type of nonlinear damping 
model for the analysis of turbine blade vibrations.
2.5.5 Displacement Squared Damping
This type of damping is similar to solid damping discussed earlier in the linear 
models [17]. The exponent on displacement in the energy dissipation or material
23
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damping ranges from two to  three, e.g., 2.3 for mild steel. If the exponent is three, 
the damping force is
Fd =  ± c x 2 =  (S g n x )c x 2 (2.28)
2.5.6 Reed’s Damping Model
Reed [18] investigated five different analytical representations of damping force 
to provide a basis for deciding what type might exist in a given structural system. 
Using these representations of the damping force he has obtained, for a  SDOF 
structural system with softening type stiffness nonlinearity, response envelops and 
hysteresis loops to form such a basis. One of the models proposed by him includes 
both viscous damping and structural damping and has a damping force equal to
Fd = CX{1 + a x 2 ) x  (2.29)
where C\ is the viscous damping coefficient and a  is an arbitrary  constant. In 
Eq. (2.29) Ci x  is considered to be the environmental induced viscous damping and 
Ci a x 2 x  is the structural type of damping. Using a sinusoidal excitation, he has 
calculated the energy loss ratio  for this model as
A E n a A 2
z *  =  A i r  = 1 +  —  (2-30)
where A E n represents the energy lost per cycle for the nonlinear damping function 
and A E r is the energy loss per cycle for reference viscous damping. Figure 2.9 
shows the relationship between amplitude and energy loss ratio. The nonlinear 
behavior with increasing amplitudes is quite evident.
2.6 Equivalent Viscous or Linear Damping
The description of the steady-state response of a nonlinearly dam ped oscillator 
by means of an equivalent viscous or linear damping coefficient was first proposed by 
Jacobsen [19]. To determine the equivalent damping coefficient, the  damping factor
26
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of a linear oscillator w ith the same natural period is chosen so tha t the oscillator 
with nonlinear damping and the linear oscillator dissipate the same amount of 
energy per cycle of response to sinusoidal excitation. Thus the solution employed 
to get the energy dissipated for the nonlinear damping case is invariably a linear 
solution of the form x  = a sin u  t which in itself is an approximation based on the 
assumption of small damping and nearly linear response of the nonlinear cases. This 
equivalent viscous approach assumes that, although nonlinear damping mechanisms 
are present, their effect is relatively small so tha t the viscous solution is good enough 
if the viscous damping term  is chosen to dissipate the same energy per cycle as the 
nonlinear damping system. Energy loss per cycle is widely accepted as a basic 
measure of damping and the two systems equated by the equivalent viscous method 
do have this measure equal under steady-state sinusoidal vibration. This is a 
reasonably sufficient restriction in many applications.
The method has gained wide acceptance and is now included in most text 
books on vibrations [20, 21]. Hudson [22] has extended the concept of equivalent 
friction to earthquake-like excitations, for which the force-deflection responses are 
approximately sinusoidal but of varying amplitudes. Jennings [23] has used an 
elasto-plastic oscillator to show how the equivalent viscous damping factor is de­
pendent on the frequency shift as well as amplitude nonlinearities of the response to 
be modeled, and also on the way the nonlinear properties are described by an associ­
ated linear structure. Torres and Mote [24] have obtained an expected equivalent 
damping coefficient for a single degree of freedom system under random loading 
by equating the energy dissipation caused by inelastic behavior to the dissipation 
caused by the equivalent viscous damper.
Bandstra [17] studied the effectiveness of the equivalent viscous method for sys­
tems under periodic excitation with different nonlinear dampings such as Coulomb 
damping, velocity squared damping, solid damping, and displacement squared dam­
ping by comparing with the exact numerical solutions. In general velocity squared 
damping always gave good agreement with equivalent viscous solution. He ob­
served that when damping is sufficiently small, the equivalent viscous method is
28
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an accurate technique for the approximate solution of nonlinear damping problems. 
Sufficiently small damping was shown to  be 10 to 20 percent of equivalent viscous 
damping, depending on the actual system and the forcing function frequency. Fur­
ther it is noted that the frequency at which the nonlinear damping was compared 
to equivalent viscous damping played a significant role in the degree of correlation 
found. The closer the forcing frequency to the natural frequency the less accu­
rate the correlation became due to the increased dynamic amplification and hence 
increasing importance of damping.
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Chapter 3
RESPONSE OF NONLINEAR 
STRUCTURES TO RANDOM EXCITATION
It is shown in this chapter the necessity of including the large deflection and 
nonlinear damping effects in the analytical formulations used for determining the 
random response of structures. A brief literature survey about large deflection 
theory and nonlinear response of beams and plates is also presented.
3.1 Random Vibrations
For safety and reliability, the design of modern structures such as tall buildings, 
buildings tha t house nuclear reactors, and naval and aerospace structures must 
take into consideration the effects of various intense random excitations. These 
excitations include earthquake type motions, pressure waves of explosions, je t noise 
and continuous atmospheric turbulence. The investigation of dynamic response 
to random excitation started in 1905 with Einstein’s pioneering study of Brownian 
motion. But it has acquired a special prominence with the advent of je t engine. 
The three im portant aerospace problems of random vibration are: buffeting of 
aircraft by atmospheric turbulence, acoustic fatigue of aircraft panels due to jet 
noise impingement and the reliability of payloads in rocket-propelled vehicles [25].
3.2 Sonic Fatigue
Sonic fatigue failures in aerospace structures have been an important design 
consideration for the past two decades. These fatigue failures are produced by
30
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impingement of high intensity acoustic pressure fluctuations generated by the jet 
engine on aircraft surfaces. Further, with the increase in engine performance the 
intensity of acoustic pressures increased. Airframe minimum weight requirements 
resulted in higher stresses in structural components. The number of acoustic fatigue 
failures began to grow at a rapid  rate  until adequate design criteria were developed 
and used in the design process.
These high intensity pressure fluctuations have caused similar fatigue failures 
in other regions also. Mainly these have occurred in regions of separated flow, 
behind protuberances into the flow such as air brakes, and close to propeller tips. 
Failures have also resulted from the fluctuating pressures induced by the openings 
of bomb bay doors during high speed flight. The oscillating pressures from various 
noise sources produced a resonant response of the structural components such as 
skins, frames, and ribs which result in rapid stress reversals in the structures. If 
these stress magnitudes exceed certain levels, fatigue failures occur.
Acoustic fatigue failures have resulted in unacceptable maintenance and in­
spection burdens associated with the aircraft operations. In some instances sonic 
fatigue failures have necessitated major redesign efforts of aircraft structural compo­
nents. Therefore, accurate and reliable prediction methods are needed to determine 
the sonic fatigue life of structures. Numerous analytical studies [26-38] and exper­
imental investigations [32, 38-47] on sonic fatigue design of aircraft structures have 
been undertaken during the past decade to help provide the needed reliability.
3.3 Plate Theories
3.3.1 Small Deflection or Linear Theory
In 1850 Kirchhoff [48] proposed geometric restriction on the angular displace­
ment of a fibre normal to the middle-surface by equating it to the slope of the 
middle-surface, in order to obtain linear theory for thin isotropic plates. This ear­
liest theory of plates based on Kirchhoff’s assumptions reduce the essentially three
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dimensional equations of solid mechanics to a set of two dimensional surface equa­
tions. Over the years, a  vast am ount of literature has been produced on structural 
analysis using small deflection or linear theory. Bending, buckling and vibration 
of various types of isotropic plates have been fully discussed by Timoshenko, et 
al. [49], Leissa [50] and Szilard [51]. The analysis of anisotropic plates based on 
linear theory is covered by Lekhinitski [52] in a text book. Bending, buckling and 
vibration of laminates have been treated in a  book by Ashton and W hitney [53].
The majority of analytical studies of sonic fatigue to date have been formulated 
within the frame work of small deflection or linear structural theory. The struc­
ture is usually modeled as a flat or curved rectangular panel supported by frames or 
stringers. In conjunction with Miles’ single degree of freedom theory and Miner’s 
cumulative damage theory the linear structural theory is employed to estim ate fa­
tigue life of a structure subjected to acoustic excitation [54, 55]. Miles proposed 
the single degree of freedom model to represent the response of a plate to jet noise 
excitation. Since jet noise is random  in nature, the response of the structure also 
has a random amplitude which, w ith sufficient magnitude, will produce damage. 
Miner’s theory establishes an estimate of the cumulative damage experienced by 
the material by a number of stress reversals less than that required to cause failure 
at a known stress level. The m ain assumption for this approach is th a t only one 
mode of vibration contributes toward fatigue failure. Basically, the procedure con­
sists of estimating the acoustic load or sound pressure level (SPL) at the frequency 
of interest, determining the frequency of fundamental mode of vibration and its 
structural damping, estimating the  maximum RMS stress or strain in the material, 
and determining the life of the m aterial using a random bending stress or strain 
versus cycles to failure (S-N or e-N) fatigue curve.
Comparison of experimental results with linear analytical solutions are usually 
very poor. Deviations in excess of 100 percent are not uncommon. The test 
results on various aircraft panels reported in [32, 38-42] and [44-47], have shown 
that high noise levels in excess of 120 dB produce nonlinear large deflection behavior 
in such panels. It was shown th a t the linear analyses predict the RMS deflection
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and RMS strains/stresses well above those of the expieriment, and the frequencies of 
vibration well below those of the experiment [32, 38, 41, 44, 46, 47]. The estimation 
of service life is based on RMS stress/strain  and predominant response frequency in 
conjunction with the stress versus cycles to failure (S-N) data. Current analytical 
design methods for sonic fatigue prevention are based entirely on linear structural 
theory [32, 34, 37, 38]. Large amplitude nonlineaxity has been identified as a major 
factor for the large discrepancy between measured test data  and computed results. 
As such, the use of linear analyses would lead to poor prediction of panel fatigue 
life.
3.3.2 Large Deflection or Nonlinear Theory
Nonlinearity develops in the behavior of any structure due to large deflections 
which introduces substantial changes in the initial geometry of the structures or 
due to a nonlinear stress-strain relationship of the material or both. Nonlinearity 
due to nonlinear constitutive relations is called material nonlinearity. Elastic- 
plastic constitutive relations should be considered when analyzing material non- 
linearity. Nonlinearity induced by large deflections is known as geometrical non- 
linearity. KirchhofF’s plate theory provides sufficiently accurate results for small 
deflections ( w <  0.2 h ) of plates. If the deflection magnitude increases beyond a 
certain level ( w > 0 .3h ) ,  however, the transverse deflections are accompanied by 
stretching of middle-surface. This in turn increases the stiffness of the plate and 
its load carrying capacity. As such, the use of small deflection theory for these 
problems is inadequate and an extended theory is necessary. Inclusion of geometric 
nonlinearity in the analysis requires the use of nonlinear strain-displacement rela­
tions, because displacement gradients cam no longer be considered small compared 
to unity.
The literature on nonlinear vibrations of beams is considerable and there are 
quite a number of good review articles addressing both geometrical and material 
nonlinearities. Nonlinear deformations of elastic beams, rings and strings have
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been reviewed by Eisley [56] with focus on geometrical nonlinearity arising from 
large deformations only. Schmidt and Da Deppo [57] presented a  survey of liter­
ature on large deflections of straight and curved beams, rings, and shallow arches. 
Sathyamoorthy [58] reviewed the literature covering the advances in nonlinear vi­
brations of beams since 1972.
Smith, Malme and Gogos [59] investigated the nonlinear behavior of a clamped- 
clamped thin aluminum strip under intense sinusoidal pressure excitation. Their 
experimental measurements showed tha t the ratio of the strain a t the end of the 
strip to  tha t at the center was dependent on the vibration amplitude, which means 
tha t the fundamental mode shape was much flatter a t middle span and had higher 
curvature at the ends a t large amplitudes of vibration. It was suggested tha t the 
steady-state forced response could be expressed as a sum of a t least two modes, 
the relative proportions of the two modal amplitudes would be changing with the 
excitation level. Similar conclusions are drawn by Bennouna and White [60] in their 
study of nonlinear vibrations of a clamped-clamped beam at large displacement 
amplitudes. They showed tha t the amplitude-dependent, normalized mode shape 
had a  higher relative value near the clamps at large deflection amplitudes resulting 
in increased curvatures. Thus, the increase in the total strain would be due not 
only to  the axial strain  but also to changes in deflection shape. So to have more 
accurate determination of the response of a structure, large deflection or nonlinear 
theory should be employed and apart from the fundamental mode, higher modes 
also must be taken into consideration.
Geometric nonlinear plate problems have been usually approached in two dif­
ferent ways. One is the Karman-Herrmann large deflection theory [61, 62]. In 
the derivation of Karm an-Herrm ann large deflection plate equations, which are cou­
pled nonlinear equations, the basic assumption is tha t the Kirchhoff’s hypothesis 
is valid, which implies tha t the transverse shear can be neglected. The thinner 
the plate the more accurate is the hypothesis. The above assumption also requires 
tha t the plate slopes or rotations should be very small. The limitations in the 
maximum deflection of a plate depend on the type of loading, boundary conditions,
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etc. Even though large deflection theory is similar in nature to linear or classical 
thin plate theory, it involves considerable difficulties in obtaining a solution due to 
the presence of nonlinear terms even for simple cases. The other approach is due 
to Berger [63], who proposed th a t the elastic energy due to the second invariant 
of the membrane strain may be disregarded as compared to the square of the first 
invariant without appreciably impairing the accuracy of the results. The E uler- 
Lagrange equations so derived from the variational equations turns out to be much 
simpler than those of large deflection theory. However, it has not been possible so 
far to find a convincing mechanical justification for the underlying hypothesis of the 
vanishing of the second strain invariant in the middle plane of the plate. Yamaki 
studied the influence of large am plitude on flexural vibrations of elastic plates [64].
Medwadowski [65] generalized the large deflection theory by including trans­
verse shear and extending it to orthotropic plates. A static large deflection theory 
of heterogeneous anisotropic plates in the sense of von Karman was proposed by 
Stavsky [66]. Whitney and Leissa [67] included the rotary inertia and shear de­
formation terms in von Karman type large deflection theory of generally laminated 
anisotropic plates. A vast am ount of literature has appeared on the numerous 
solutions for the nonlinear behavior of plates. A comprehensive list of references 
and excellent discussion on various nonlinear plate problems are given in a book by 
Chia [68]. The literature on nonlinear vibrations of plates for the period 1979 to 
1982 was reviewed by Sathyamoorthy [69]. Sivakumaran [70] presented a theory 
for free large amplitude vibrations of generally laminated thick composite plates, 
which also takes into consideration of transverse normal stress and normal contrac­
tion and extension, apart from transverse shear and rotary inertia. Reddy [71] 
developed a higher order shear deformation theory (HSDT) of plates accounting 
for von Karman strains also. Simply supported plates of isotropic and orthotropic 
materials are considered and the solutions of the HSDT are found to be in excellent 
agreement with exact solutions of three-dimensional theory of elasticity.
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3.4 Random Response of Nonlinear Structures
3.4.1 Nonlineax Analytical Techniques
Stochastically excited linear systems have been studied in great detail and nu­
merous analytical techniques exist for solving both stationary and non-stationary 
problems. Unfortunately, a  majority of engineering structures are nonlinear and 
not many techniques exist for their analysis. Some systems with simple nonlin­
earities can be solved exactly using Fokker-Planck-Kolmogorov equation approach. 
But the class of nonlinear random  vibration problems which are currently amenable 
to exact solutions is quite limited. The approximate techniques for predicting the 
response of structural systems under random excitations can be divided into analyt­
ical (perturbation, stochastic averaging, and equivalent or statistical linearization) 
and simulation methods. The major advantages and their limitations of these 
methods except equivalent linearization are reviewed briefly. Equivalent lineariza­
tion is dealt with in more detail. Crandall and Zhu [25], To [72], Roberts [73] and 
Spanos and Lutes [74] have recently presented comprehensive and excellent reviews 
on nonlinear random vibrations.
Fokker-Planck-Kolmogorov equation approaches: This approach has one great 
advantage over all other methods as it gives an exact solution. But, this advantage 
is diminished by the fact tha t such solutions are only available for a  restricted 
class of problems. A process whose present probability distribution depends on 
that at only one previous time is called a Markov process. The structure of a  
Markov process is completely determined for all future times by the distribution at 
some initial time and by a transition probability density function. The importance 
of Markov process lies in the fact tha t when the excitation of a dynamic system 
(linear or nonlineax) is ideal white noise, the response is a Markov process. The 
transitional probability density function, which together with an initial distribution 
completely describes the response, satisfies a linear partial differential equation 
known as Fokker-Planck-Kolmogorov Equation (FPKE).
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The most general extension of FPKE approach to multiple degrees of freedom 
(MDOF) nonlinear second order equations was due to Caughey [75, 76]. Exact 
steady-state solutions of a rather wide class of MDOF nonlinear systems to white 
noise are available [77, 78, 79]. In general, the transitional probability density 
function cannot be found with the FPKE approach. W ithout this transitional 
probability, it is generally impossible to obtain the correlation function and power 
spectral density of the response. Thus the great difficulty in dealing exactly with 
problems of stochastically excited nonlinear systems has led to an intensified effort to 
develop approximate methods, to tackle a broader class of problems than presently 
possible with the exact analysis.
Perturbation approaches'. In this approximate method, the stochastically ex­
cited nonlinear system is treated in the same way as a deterministically excited 
system. The solution is represented as an expansion of the powers of a small pa­
rameter e which specifies the size of the nonlinearity. Substituting the assumed 
solution form in the original equations of motion and equating coefficients of like 
powers of the param eter then yields a set of linear differential equations for the 
terms in the solution expansion. A first order approximation is obtained by solv­
ing the linear systems. The first is the system which is obtained by setting all 
nonlineaxities equal to zero and the second is a system having an excitation which 
is a function of the solution of the first system. Practically speaking, it is almost 
impossible to extend the procedure beyond the first order approximation except in 
very trivial cases, since, the probability density of the first order correction term is 
non-Gaussian.
The perturbation approach was applied to a continuous nonlinear system by 
Lyon [80] and later used by Crandall [81] in the analyses of discrete nonlinear sys­
tems. Crandall et al [82] have studied the random vibration of an oscillator with 
nonlinear damping. The approach has been later generalized to a two degrees 
of freedom system [83]. The only major limitation on the perturbation approach 
is the requirement th a t system to be analysed must contain some finite amount 
of linear viscous dissipation so tha t the solution of the linearized equation will be
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bounded [84]. The perturbation series is often an asymptotic series so tha t higher 
order perturbations improve the approximation for small e at the expense of worsen­
ing for large e. This is evident from Fig. 3.1 (from Ref. 84). For complex structures, 
the algebraic operations may become unwieldy and the prodigious amounts of labor 
needed make this approach unattractive.
Stochastic averaging approaches: Another technique for random vibration anal­
ysis of nonlinear systems is commonly known as stochastic averaging. This method 
is applicable when the damping of a structure is light and the excitation is broad 
band (nearly white noise) and has been applied principally to systems with one 
degree of freedom. Stochastic averaging represents a class of procedures in which 
rapid fluctuations are averaged to provide simpler equations for slowly fluctuating 
quantities. Thus the main concept is to extend averaging techniques used in deter­
ministic vibrations to stochastic dynamics in order to obtain a first order differential 
equation of a Markovian model of an appropriate envelope of the response. The 
most general envelope is the total energy, kinetic plus potential, of the structure or 
an oscillator. The method may be viewed as an extension of Bogoliubov-Mitropolski 
technique for solving deterministic nonlinear vibration problems [85]. An overview 
of this method is provided in a paper by Roberts and Spanos [86]. The method can 
be used for stationary as well as non-stationary problems and can provide reliable 
approximate stationary solutions for a broad class of problems.
Simulation approaches: Numerical simulation or the Monte Carlo method esti­
mates, within any desired confidence level, the exact response statistics of randomly 
excited nonlinear structural systems [87, 88]. Both analog and digital computa­
tional systems have been used in the past for Monte Carlo simulations. At present, 
digital systems are used exclusively. The method mainly consists of generating 
a large number n of sample excitations, calculating the corresponding response 
samples, and processing the response samples to obtain the desired response statis­
tics [25]. Obviously this approach can be used for estimating the response statis­
tics of both stationary and nonstationary systems. The main drawback of this 
approach is cost. The statistical uncertainity in the response statistics decreases
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in proportion to  ^=-, while the cost is directly proportional to n .  Thus to gain 
one additional significant figure in a computation results in a  hundredfold increase 
in cost. Spanos [88] has shown that, for cases where both statistical linearization 
and numerical simulation can be applied, the computational efficiency of the former 
will be of the order of 100 to 1000 times better than  the latter. In applications 
where no exact solution is available numerical simulation is often used as a basis 
for assessing the accuracy of other approximate methods.
Equivalent Linearization approach: The technique of statistical linearization 
overcomes many of the limitations and difficulties encountered in the previous meth­
ods for studying the response of nonlinear systems to random excitation. This 
technique is based on the concept of replacing the nonlinear system by a related 
linear system in such a way tha t the difference between two systems is minimized. 
This concept has been widely employed in control theory and in the single de­
gree of freedom systems. Basically the method is the statistical extension of well 
known Krylov-Bogoliubov equivalent linearization technique for deterministic vibra­
tion problems. The extension of this technique to problems of random excitation 
was made independently by Booton [89] and Caughey [75].
Caughey [90] has shown the effectiveness of this approach by comparing equiv­
alent linearization solution to the exact solution derived from FPK equation by con­
sidering an oscillator subjected to Gaussian white noise process N (t ) . For MDOF 
systems he uncoupled the linear part of the nonlinear equations using the modal 
m atrix, and then applied the equivalent linearization to the resulting SDOF non­
linear equations individually [75]. This is quite effective when applicable, but the 
criterion imposed on the instantaneous correlation m atrix of the excitation limits its 
use except for ra ther special cases. In Foster’s [91] more general approach, numeri­
cal methods generally are used to obtain the equivalent linear damping and stiffness 
matrices. Practical application of Foster’s approach to a two degrees of freedom 
deep-ocean tower frame structure is reported [92]. Later Iwan and Yang [84, 93] 
and Iwan [94] further generalized the approach such tha t the linearized damping 
and stiffness matrices can be determined analytically. Their approach is based on
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the concept of decoupling the nonlinear forms of the actual system into the sum  of 
simpler approximate nonlinear forms, each of which depends solely on the relative 
displacement and velocity of discrete masses of the system. Therefore, the for­
mulation suits well for spring-mass discrete syatems and in some cases yield closed 
form solutions. However, given a system of nonlinear equations the accuracy of the 
solutions depends heavily on the choice of these approximate forms. Application 
of this technique to obtain approximate solutions to a variety of nonlinear dynamic 
systems is reported [95].
Kazakov [96] has generalized the method of equivalent linearization for the case 
of multidimensional inertial nonlinearities. Atalik and Utku [97] have provided a 
more direct and simplified version of Kazakov’s formulation as applied to MDOF 
nonlinear systems tha t may be nonlinear in inertial, velocity and restoring forces. 
In their formulation, the exact closed forms of the coefficients of the equivalent 
linear system can be obtained by direct application of partial differentiation and 
expectation operators to the functionals involving nonlinear terms, if these are single 
valued functions of accelerations, velocities and displacements. They also observed 
tha t when the nonlineaxities possess potentials, the equivalent linear system has 
symmetric coefficient matrices. Further, they also showed that the resulting error 
in using the direct equivalent linearization technique to calculate the mean square 
displacement for a cubic hardening oscillator was 14.6% compared to the exact solu­
tion. Spanos and Iwan [98] examined the existance and uniqueness of a  generalized 
equivalent linear system. They showed tha t the equivalent linear system may not 
be unique, but a simple element-by-element substitute system always exists. Fur­
thermore, the system so defined is as good as any other substitute linear system in 
terms of the value of the averaged norm of the equation difference. Applications 
of the equivalent linearization method to a wide variety of problems are cited [72, 
73, 99, 100].
Generally, the approximate solutions obtained from the linearization techniques 
are more dependable for weakly nonlinear systems. However, the direct equivalent
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linearization approach produces reasonble results even for some severe nonlinear­
ities [90, 97]. The method is quite reliable in predicting statistical moments of 
nonlinear structural responses, but proved to be not as reliable in predicting other 
useful response statistics namely the autocorrelation and spectral density functions. 
Neverthiess the  stochastic linearization method has been established over three 
decades of tim e as a  quite efficient, reasonably reliable, and remarkably versatile 
tool for analysis of complex structures under random  excitations [88]. In this study, 
because of the above mentioned qualities the equivalent linearization method is cho­
sen for calculating random response of structures possessing nonlinearities in both 
stiffness and damping.
3.4.2 Response of Nonlinear Beam Structures
The response of beam structures to random  excitation has been treated in 
many papers where in the mean square deflections and stresses in Bernouli-Euler 
beams were determined using linear theory [101-106]. Eringen [102] analyzed the 
linear vibrating beam under stochastic loading and showed that the mean square 
values due to white noise are divergent for certain conditions. It means while mean 
square displacements are finite for distributed stationary excitation uncorrelated in 
both space and time, mean square stresses are infinite. Finite mean square stresses 
are obtained when the excitation is time uncorrelated only [103]. Bogdanoff and 
Goldberg [104] considered a simply supported beam  and showed tha t for more 
realistic types of loading, i.e., when the spectral density of loading yields finite 
input power, the mean square stress values are finite. Samuels and Eringen [105] 
have determined the response of a simply supported Timoshenko beam subjected 
to a purely random  Gaussian process. In all the above analyses only linear viscous 
damping is considered.
If, for white noise excitation, the infinite series representing quantities such 
as mean square displacement, mean square stress etc., converge, then the results 
can be made as accurate as desired by choosing the number of terms in the series
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sufficiently large. Crandall and Yildiz [106] have shown that for the linear problem, 
the various mean square quantities can be made finite, i.e., the series representing 
these quantities can be made to converge by selecting appropriate beam model and 
a suitable damping mechanism. Simply supported is the support condition used 
for all the beam models. As mentioned earlier, a Bernouli-Euler beam with only 
viscous damping subject to spatially uncorrelated white noise excitation, will have 
finite mean square displacements but infinite mean square stresses. On the other 
hand, a Rayleigh beam with rotary damping subject to the same excitation will 
have finite mean square displacements and stresses [106].
The nonlinear response of beams to purely random loading has been investi­
gated by many authors. Herbert [107, 108] has solved the nonlinear vibration of 
a hinged axially restrained elastic beam subject to random excitation. He showed 
that the percentage reduction of the mean square bending stresses can be sub­
stantially less than the percentage reduction of the mean square displacements. 
Busby [109] and Busby and Weingarten [110] have investigated the response of a 
nonlineax beam due to random excitation using the finite element formulation to 
derive the equations of the nonlinear beam. Solutions of FPKE associated with 
Markov processes have been applied with limited success in Ref. 107. The method 
of equivalent linearization has been used somewhat approximately for multiple mode 
response in Refs. 108 and 109. They showed that the effect of nonlinearity has 
been found to reduce the mean square response of the structures. For purely ran­
dom loading, the divergence of the stresses is unaffected when the associated power 
is infinite. The stresses are reduced somewhat less than the response when the 
associated power is finite.
Seide [ i l l]  investigated the nonlinear multiple modes response of beams, both 
simply supported and clamped, subjected to uniform random pressure uncorrelated 
in time. He showed tha t although maximum mean square displacement can be 
obtained with reasonble accuracy by using only a single degree of freedom model, it 
is necessary to consider as many as 100 modal functions for accurate determination
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of mean square strains/stresses. Seide [112] also investigated the  effect of an initial 
buckle on the RMS response of a beam under wide band stationary loading.
Effects of large amplitudes on the fatigue life of a clamped-clamped beam with 
narrow band random excitation were studied by Bennouna and W hite [113]. They 
showed tha t the total strain amplitude probability distribution was unsymmetrical 
and skewed towards the negative amplitude. It is concluded, from their experimen­
tal data, tha t the total strain response tended to be contained a t higher amplitudes 
on the tension side and at larger amplitudes on the compression side, which is ob­
viously due to the contribution of axial strain component. It was also pointed 
out th a t fatigue damage was attributed only to the positive peaks and the negative 
peaks were below the endurance limit. Tang and Dowell [114] studied the random 
response of beams and plates with slipping at support boundaries. Only simply 
supported beam is considered.
3.4.3 Response of Nonlinear Plate Structures
The efforts that were made in applying large deflection theory for determining 
the response of plate structures to random excitation are briefly reviewed. Lin [115] 
used the method of equivalent linearization to investigate the single mode response 
of a flat, slightly nonlinear panel subjected to random excitation. He pointed 
out th a t the assumptions of fundamental mode response and hinged supports are 
overly simple and suggested for the need to include multiple modes and more general 
boundary conditions in the analysis. Herbert [79] used FPK E approach to inves­
tigate the multiple modes response of plates to white noise excitation. Detailed 
calculations for simply supported plates have shown tha t the membrane stresses in 
plates have caused statistical dependence between the modes and reduced consider­
ably the mean squared displacements, the percent reduction being more for square 
plates. Ahmadi et al. [116] studied the reponse of nonlinear plates to stationary 
random excitation. They employed Galerkin approximation and stress function 
approach to derive a Duffing type of equation for single mode and used FPKE,
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equivalent linearization and perturbation techniques for solution. They showed 
th a t for small nonlinearities and white noise excitation all the three methods give 
similar results. In all the above investigations the panels are isotropic and the 
nonlinearity is geometrical. Only viscous damping is considered.
Mei [29] showed that a better correlation between theory and experiment could 
be achieved when large deflection nonlinear effects are included in the analysis. He 
compared the test results of skin-stringer panels, subjected to acoustic excitation, 
reported in Refs. 38 and 46 with theory to demonstrate the improvement in pre­
diction of the response. Large deflection random response of laminated composite 
plates was investigated [27, 30, 31]. Only single mode is considered in the above 
analyses. The boundary conditions treated are all edges simply supported and all 
the edges clamped. Inplane edge conditions considered are immovable and mov­
able for each of the above cases. The nonlinear equations of motions are derived 
using Kirchhoff’s hypothesis of classical th in  plate theory and the von Karman-type 
geometrical nonlinearity. The mean square maximum deflection of the panels is ob­
tained by the application of Galerkin method and equivalent linearization approach. 
Mei and Prasad [117,118] investigated the  large deflection random response of mod­
erately thick symmetric composite laminates. Transverse shear is considered but 
rotary inertia is neglected. The transverse shear stresses were determined from
equilibrium considerations. They concluded th a t for thin laminates undergoing 
large deflections transverse shear effects can be safely neglected.
Although the inclusion of large deflection effects in the formulation with single 
mode approximation has improved the accuracy of the response prediction, test 
results of simple panels under high intensity acoustic loads showed tha t there are 
more than one mode responding. Mei and Wentz [41] and White [42] have indicated 
th a t there are more than one mode responding. Random response of nonlinear 
clamped rectangular isotropic plates using multiple modes was reported [29]. A 
Fourier type series representation of out of plane deflection and stress function was 
assumed. Galerkin approximation, equivalent linearization and an iterative scheme
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were employed to obtain RMS maximum panel deflection etc., a t various pressure 
spectral densities.
Figure 3.2 (from Ref. 42) shows the strain spectral densities at four acoustic 
excitation levels for a CFRP panel and integrals across the strain  spectral densities. 
The broadening of the resonance peaks at higher excitations due to  nonlinear behav­
ior is quite evident. W hite also noted tha t the study of the integrated strain spectral 
densities showed tha t the first resonance contribution to the mean square strain lay 
generally in the range of 50 to 60% and that of the second resonance a t about 30%, 
see Fig. 3.2b. The contributions due to the higher resonance were generally less 
than 10% and decreased with increasing sound pressure level (SPL). Figures 3.3 
and 3.4 show the strain spectral density functions from experiment [41] at four dif­
ferent overall SPL (130, 142, 154 and 160 dB) for a  square (10 x  10 x  0.063 in.) and 
a rectangular (10 x  20 x  0.063 in.) aluminum panels subjected to  normal incidence 
acoustic impingement. It is easy to see the shifting of fundamental mode frequency 
from about 175 Hz to  somewhere between 230 and 290 Hz for the square panel and 
from about 120 Hz to 180 Hz in the case of rectangular panel. The increase of 
the fundamental and higher modal frequencies clearly indicates the stiffening of the 
panel due to membrane forces which are induced by the large deflections. Inclusion 
of geometric nonlinearity in the analysis can account for this kind of frequency shift.
Also from Figs. 3.2 to 3.4 one can observe that the response peaks a t the lowest 
level excitation are very narrow and there is continuous broadening of response 
peaks with increasing excitation level. The band widths near the first peak response 
increased from about 1 Hz to 80 or 90 Hz for both the aluminum panels as the 
excitations increase. These kinds of bandwidth-broadening behavior were also 
observed experimentally by Holehouse (Fig. 38 of Ref. 32) and White (Figs. 2, 5 
and 7 of Ref. 42) on aluminum and composite panels subjected to  grazing incident 
sound waves. Theoretical explanation for this broadening behavior of the resonant 
peaks could not be found in the literature. As mentioned earlier, by including 
large deflection effects the gap between the analysis and experimental data could be 
narrowed. Test results [41] also showed that nonlinear structural damping may play
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an important role on panel response a t high SPL. The broadening of the response 
peaks at high SPL could be attributed to nonlinear structural damping induced 
by large deflections. Further, the test data  reveals tha t the recorded frequency 
shifts are far less than those calculated by large deflection theory with only viscous 
damping considered. The presence of nonlinear damping might account for this 
discrepancy.
As mentioned earlier, Smith et al. [59] have investigated a clamped-clamped 
aluminum beam subjected to  an intense sinusoidal sound pressure wave. The beam 
is of 2 x  12 x  0.064 in. Since large transverse deflections induce a membrane strain 
in the beam tha t adds to the restoring bending strain resulting in a hardening 
type of stiffness nonlinearity in the deflection response. As such, they noted the 
typical nonlinear response curve characteristic of hardening spring behavior. The 
characteristic jumps in amplitude, tracing out a hysteresis type of curve as the 
driving frequency is increased and decreased, and broadening of the loop as the 
excitation amplitude is increased. Using a heuristic approach, they compared the 
experimental data for resonant conditions with the theoretical predictions using a 
single mode Duffing’s equation. The nature of the discrepancy is shown in detail 
in Fig. 3.5 (Fig. 8 of Ref. 59) which gives the experimental values for the ratio of 
sound pressure to the product of resonance frequency by peak strain at resonance. 
This ratio called effective resistance, is essentially constant a t low levels of response. 
Beyond the inception of significant nonlinearity, the effective resistance to motion 
increases with the amplitude of the response. They felt tha t the discrepancy shown 
in Fig. 3.5 might be taken to indicate the necessity for replacing the linear damping 
term  in the Duffing’s equation by a nonlinear one. The experimental points in 
Fig. 3.5 are closely approximated by a  curve proportional to (1 +  a i 2) ,  where 
A  is amplitude and a  is an adjustable parameter. Therefore, they suggested a 
nonlinear damping term  of the form
u 0 r](l  + a x 2)x  (3.1)
50
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
20 
LO
G 
Rg
pp
. 
dB 
RE
 
0.
00
02
 
M
IC
RO
BA
R 
PE
R 
CP
S
180
170
160
150
14020 30 40 50 60 70
PEAK STRAIN LEVEL AT RESONANCE.
20 LOG A dB RE 10~6
F ig . 3.5 Graph showing the changes in “effective resistance” determined 
from experimental data at the fundamental resonances.
(1 + aA )
THEORETICAL 
VALUE I 
COMPUTED 
FROM Q
where a  is a param eter which need to be determined either experimentally or an­
alytically. It is interesting to note th a t this model of nonlinear damping is very 
similar to the Reed’s nonlinear damping model as given in Eq. (3.1).
3.4.4 Response of Nonlinear Structures With Nonlinear Damping
Even though extensive literature is available on nonlinear vibrations of struc­
tures subjected to both harmonic and stochastic excitations, there are very few 
studies where nonlinear damping is explicitly involved. Kirk and Perry analyzed 
the taxiing induced vibrations in large aircraft due to runway unevenness [119]. 
The runway profile is considered to be stationary random process. They took into 
account the damping nonlinearities in the oleo-pneumatic undercarriage in the form 
of velocity squared damping and Coulomb friction. Their analysis overestimated 
RMS vibratory accelerations during taxiing by about 50%, but they felt th a t this 
is due primarily to the runway profile not being a truly stationary random process. 
Kirk studied the random vibration of lumped-mass systems subjected to Gaussian 
white noise excitation [120]. Velocity squared damping and Coulomb friction are 
the nonlinear dampings considered. Tang and Dowell carried a numerical and ex­
perimental study of the random response of a beam and a rectangular plate with 
dry friction damping due to slipping at the support boundaries [114]. Nonlinear 
stiffness of the structures is also considered. A narrow band random excitation is 
used. They claimed good agreement between theory and experiment. They used 
equivalent viscous damping approach which they felt greatly simplifies the nonlinear 
random vibration problem.
But most often the nonlinearity is due to hard-spring type restoring forces [68]. 
An effort is made in this study to investigate the large deflection behavior of 
beam and plate structures subjected to acoustic excitation with nonlinear struc­
tural damping present. A damping function which contains a a polynomial of 
displacement w is chosen. This has the form:
Fd =  {C +  Ci w +  C2  +  C3  w^ +  ...)  w (3-2)
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Even though Eq. (3.2) contains a polynomial in displacement w , still damping 
force is proportional to  velocity. C  is the coefficient for linear damping and the 
terms such as C\ w and C2 w 2 are the coefficients of nonlinear damping. It is 
evident tha t with C x, C2 etc., as zero, Eq. (3.2) represents viscous damping only. 
Assuming tha t a steady-state simple harmonic motion x = a cos cu t is established 
for a SDOF system with the above damping function, then the energy dissipated 
per cycle A E  would be (see Eq. (2.1))
A E  = /  Fd -~-dt = C 7r |o ;|a2 +  C2 7r |w |a 4 -I-. . .  (3.3)
Jo dt
Since the damping term s C \ w w  and Cz wz w are not contributing to the dissipa­
tion of energy in the system the nonlinear damping model is modified to be
Fd = {C + C 2  w 2 +  C4  w 4  +  .. .)w (3.4)
But to avoid mathematical complexity of the analysis the higher order nonlinear 
damping terms like C4 w 4  w are neglected. It is clear the model shown in Eq. (3.4) 
is the same as tha t given in Refs. 18 and 59. Also the following assumptions 
regarding the nonlinear damping model are stated explicitly:
1. The damping model given in Eq. (3.4) represents damping force in the system 
only and does not affect to other parameters of the system.
2. The damping force is proportional to velocity.
3. With forces considered positive in the direction of positive displacement the 
damping force acts in the opposite direction.
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Chapter 4
LARGE DEFLECTION RANDOM RESPONSE OF 
BEAMS AND PLATES WITH NONLINEAR DAMPING
In this chapter the governing differential equations for the beam  and plate 
structures are presented. All the structures are acoustically excited. Both the 
structures are assumed to be thin so tha t they undergo large deflections. A poly­
nomial consisting of linear viscous and nonlinear damping terms, as explained in 
previous chapter, is included in the governing equations. By using the Galerkin 
and equivalent linearization approximation methods, the response characteristics 
are determined. The governing differential equation is derived in detail only for a 
beam which is axially restrained at both ends. And also, the multiple modes anal­
ysis with nonlinear damping present is carried out for beams only. Only isotropic 
material is considered for the beam. For plate structures symmetric composite 
laminates are considered. The large deflection governing equations for plate struc­
tures are taken from literature. In view of the complexity of m ultimodal analysis, 
single mode analysis with nonlinear damping only is done for plates. Only simply 
supported and clamped conditions are considered for both beams and plates.
4.1 Governing Differential Equations
4.1.1 Governing Equations for a Beam
The governing differential equation of a beam, restrained at its ends and sub­
jected to random excitation, which is shown in Fig. 4.1 is derived from equilibrium 
considerations. For the derivation the following assumptions are made:
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P(x,t)
7777777777777
Z,W
Fig. 4.1 Hinged beam subjected to random excitation.
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1. The beam  m aterial is homogenous, isotropic and obeys Hooke’s law.
2. The cross section of the beam is uniform.
3. A cross section, originally plane remains plane and normal to the deformed
middle surface.
4. Deformation in the cross sectional plane is negligible.
5. External and internal damping are neglected.
6 . The beam  is initially straight.
7. The axial displacement gradient can be neglected when compared to unity, i.e.,
(1 +  u ,z ) ~  1 (4.1)
where comma preceding the subscript indicates differentiation.
8 . The angle of rotation is small so that
sin# ~  0  =  w,x cos0  ~  1 1 +  #2 ~  1 (4-2)
9. And the rotary inertia term is neglected.
Considering an element of the beam as shown in Fig. 4.2a, the equation of 
motion in the X-direction is ^ F x = m a x, which gives
/ T . #7*■)* ,
[ o x  +  - r —  d x )  d y  d z  -  o x  d y  d z  +  ( t x z  H  —  d z )  d x  d y
o x  o z
d 2u
—  Tx z d x d y  —  p d x d y d z - —  (4.3)
a t 2
Simplification of Eq. (4.4) gives
dox 8txz d 2u fA
- t e + - 5 r  = l , w  <4-4>
There are no forces in Y-direction. The equation of motion in Z-direction is
=  mcLz (4 -5 )
First considering the resultant force acting in Z-direction due to o x  alone, see 
Fig. 4.2b, gives
t-,i /• d&x . \ . , ,dw d 2w , , , , dw ,Fz =  {ox +  ~ ^ d x ) d y d z { —  +  - d x )  -  o x d y d z —  (4.6)
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F ig . 4.2 Stress components acting on differential elements.
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Equation (4.6) simplifies to
r\ A
Fz = —  [ox ~ )  d x d y d z  (4.7)
Similarly the resultant force acting in Z-direction due to rI2, see Fig. 4.2c, gives
r-,? , 3 r IZ  , . , , . d w  d 2w  , . d w  . , ,
Fz = (txz +  - 0 — d z ) d x d y { —  +  ^ ^  dz) -  —  rx z d xd y  (4.8)
After neglecting higher order terms, Eq. (4.8) simplifies to
Fz = § ^ ^ Txz^ d xd yd z  (4-9)
The resultant force acting in Z-direction due to stress component txz, see Fig. 4.2d, 
is
F z  =  d x d y d z  (4-10)
Finally the resultant force acting in Z-direction due to a z , see Fig. 4.2d, is
F =  {pz  +  -—^ - )dxdy  — az dxdy  =  - ^ - d x d y d z  (4 -1 1 )o z  o z
Adding all the four components of Fz and substituting in Eq. (4.5) results in
d  . d w .  d  . d w .  d r xz d a z d 2w  . .
+ + 7  = " I F  <4-12>
The stress resultant, the transverse shear stress resultant and the moment resultant
are defined as
rh/2
N x =  I o x dz
J - k / 2
f h /  2
Qxz = I Tx z dz (4.13)
J - h / 2  
J - f
Multiplying Eq. (4.4) by dz  and integrating over the thickness yields
f h / 2  d a x f h/2 d r xz f h>2 d 2u  ,  .
/  d z +  d z  =  I p  — - (4.14)
J - h / 2  d x  J _ h/2 d z  J _ h/2 d t 2
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Equation (4.14) simplifies to
d N x \ h j 2  L d 2u
+  r~ L / *  = “ h w  <4' 15>
Since transverse shear stress vanishes on the surface, Eq. (4.15) reduce to
- * r  = l l h w  (4-16)
Equation (4.16) is the inplane equation of motion, and by neglecting inplane inertia 
term, i.e., =  0 ? then
d N
- -  ■x =  0 N x =  constant (4-17)ox
Taking Eq. (4.4), multiplying by z d z  and integrating over the thickness yields
Q  r h / 2  r h / 2  d T ^  r h / 2  Q 2 u
—  cx z d z  + I —— zd z  = /  — - z d z  (4.18)
dx J - h / 2  J - h / 2  dz  J _ h/2 d t2
After carrying the integrations and using Eq. (4.13) results in
d M x 
dx
Taking Eq. (4.12) and expanding it gives
-  Qxz =  0 (4.19)
dox dw d 2w d  . d w . drxz doz d 2w , .
+  +  +  a T “ ' * r  (4 20>
Multiplying the above equation by d z  and integrating over the thickness results in
' k / 2  , , dw . f h / 2  . , d2w h / 2ox d z ) —  + {
- k / 2  d x  J - h / 2
' k / 2  r h / 2
Tx z d z  +  I
- h / 2  J - h / 2
After carrying the integrations and using Eq. (4.13) and since P(x,t )  =  o z \h/ 2  — 
oz \~h/ 2  results in
d N x dw d 2w dQxz d 2w . .
-^ iT z  + N* M  + ^ r  + p <*■*)-' « r  (4-2i>
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Since the strain in X-direction is
d u  1 , d w . z  d 2w  , .
£* =  t o  +  2 <to> ~ * t o ?  (4'23)
Using Hooke’s law a x — E  ex and by assuming the w idth of the beam to be unity
and by using the relations of Eq. (4.13), results in
' h 2^ _  / d u  1 , d w d 2w x . _  ,  d 2w
- f t / 2
Similarly, assuming a  unit width for the beam
f I , 1 ,dw  ,o d
=  S - hn E ( a i  +  2 ( to>  ~ z a * ) z d z  =  “ £ / t o ?  <4'24>
,L  = E a ( u \ L0 + I ^  j ( ^ ) 2 ^  (4-26)
Multiplying Eq. (4.25) by dx and integrating over the length L  on both sides gives 
N x
Since, u(0) =  u (L ) =  0 , Eq. (4.26) reduces to
=  <4'27>
Substituting Eqs. (4.19), (4.24) and (4.27) into Eq. (4.22) yields
d N x dw ,E A  f 1, dw  2 , -i d 2w
t o  +  1 l i  /„  ( t o '  * 4  t o ?
+ '< * .* >  (4.28)
Because of the condition of Eq. (4.17), Eq. (4.28) reduces to
d4w d 2w rEA [ L dw 2 d 2w . .
E I W + P A - W  ~  t z i i ,  < to>  ix]  t o ?  =  (4'29)
The above equation is the governing differential equation of motion for a beam 
of uniform cross section with immovable axial end supports and undergoing large 
deflections subjected to distributed transverse load, where w  is the beam deflec­
tion, E  is Young’s modulus, I  is the moment of inertia of cross section, p is the
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mass density, A  is the cross sectional area and P  is the loading per unit length. 
Equation (4.29) will be solved, after the required nonlinear damping model is added, 
by choosing suitable deflection functions appropriate to the support conditions and 
by employing the Galerkin’s method and the equivalent linearization method.
4.1.2 Governing Equations for Symmetrically Laminated Plates
The equation of motion in the transverse direction and the compatibility equa­
tion in terms of the out of plane deflection w and the stress function F  for a 
symmetrically laminated composite thin plate undergoing large deflections are [27, 
31, 68]:
p h w  +  L i ( w ) — <f>(F,w) — P (x ,y , t )  =  0 (4.30)
Li{F)  +  ^ <f>{w,w) =  0 (4.31)
The operators L \ ,  L 2  and <p are defined as
Ll () = D l l W '  + i D K ' w h  + 2(2,12 + 2D ,x)^ a ^
4 D x i M i  + I>22^
T n  ** d 4() „ ,* d4()  , /Oi* , A* \ d4( ) (J
d x -* “  A 26 dx*  d y  +  { 12 +  GQ)d x 2 d J 2 ( 4 '3 2 )
— 2 A* - ^ -  + A*
16 d x d y 3 11 d y 4
6(v n  =  _ d^ Vj_ d2v2
15 2 d y 2 d x 2 d x 2 d y 2 d x d y  d x d y  
In Eq. (4.30), p denotes the average mass density of the laminate, h is the plate 
thickness, and P  denotes the distributed transverse loading. The laminate stiff­
nesses A-j and D;j are defined by
rh/ 2
( A i j , D i j ) =  I ( l, z  ) Qij dz (i , j  = 1 , 2, 6) (4.33)
J - h / 2
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The Qij are the transformed reduced stiffness components [121]. The constitutive 
relationship for a symmetrically laminated plate is
A*
0
where
A* = [A]
0
D
- i
N
K
{ N } t  = [ N x 
{ M } T = [ M x
Ny N xy J
My M xy ]
{/c}T =  [ k 3 K, — [ ~ w —xx w ,yy 2 w jXy\
1
X^
0
xy
i
w
w
V.v +
u , y  +  V jX + W tX W , y  _
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)
(4.39)
in which N, M ,  e° and k  are the resultant normal forces, resultant bending 
moments, mid-plane strains and mid-plane curvatures respectively, and a comma 
preceding a subscript indicates partial differentiation. The Airy’s stress function 
F  is defined such tha t
W  = (4.40)
Equations (4.30) and (4.31) are the governing equations which will be solved after 
the required nonlinear damping terms are added, by employing Galerkin’s approach 
and the equivalent linearization method.
4.2 Random Response of Beams
As explained earlier a  polynomial of damping as given by Eq. (3.4) is included 
in Eq. (4.29) to yield the large amplitude governing differential equation for beam 
with nonlinear damping
E l
d 4w
d x 4
d ^w d 2w  , 9 . d w  , .
N x a ^  +  p A ~ w  +  ( c  +  + ° 2W =  p ( t )
(4.41)
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where, C  and C2 w 2  are the coefficients of damping and
E A  f L ,dw 2
N - - a J 0 ( a ; ) d z
(4.42)
Note with C2  =  0 , the governing equation contains only linear viscous damping. 
Also note tha t, since it is assumed that the beam is subjected to uniform pressure, 
uncorrelated in time only, P ( x , t ) is replaced by P ( t ) .
Let the beam deflection function be expanded in terms of the appropriate 
normal modes of the linear structure as
(4.43)
where R  is the radius of gyration, q(t) is the nondimensional generalized co­
ordinate and is the mode shape given by free vibrations. On substitution
of Eq. (4.43) into Eq. (4.42) yields
E A R 2
N x  —  2£  ^  y  > E m n  <7m Qn
where
d<f>m d<f>rj,
K m n = f  ~ ^ ~ ^ d xJ  q d x  d x
(4.44)
(4.45)
On substituting Eq. (4.43) into the governing equation and making use of the 
Eq. (4.45) one will get
\  P-A-Rqmtm +  E I R q r d4 <f)rr,dx 4
E A R 2 
2 L E E * i j  Qi Qj R  Qm
d2 <f>m 
dx 2
+  I C R  +  C2 R 3  E E  <t>i <i>j j qm <t>r = P(t) (4.46)
Using an im portant property of the normal modes which states tha t when a normal 
mode is operated upon by the linear differential operator in the spatial variables,
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the result is the same normal mode multiplied by the mass density and the squared 
value of the corresponding natural frequency, the above equation can be written as
E A R 2  
2 L Y Y qi qi* j R  Qm
d2 <f>m 
dx2
+  \ C R  + C2R 3 EE qi qj & <f>, I qm 4>m > =  P{t) (4.47)
* J
Equation (4.47) is approximately satisfied by applying the Galerkin m ethod
f  Eq.  (4.47)<f>m (x)dx = 0 
Jo
and
f  d 4>n d<j>
I <Pm =  <P
Jo dx 2 dx
L f L d<pm 
o J o  d x
d<j>n
dx
dx  =  —K„
(4.48)
(4.49)
From the orthogonality relationships and from the fact th a t the coupling due to 
damping is usually neglected in the normal mode approach, and by making use of 
Eq. (4.49), Eq. (4.48) will give
M m qm (t) +  Mm Vm qm(t) +  Tm qm{t) + a m q ^ t )  qm (t) +  0 m -  —  jr—  (4.50)
R
where
Tm
= p A  f  4>2m dx 
Jo
- c f
Jo
4>m dx
=  C2 R 2 f  <j>mdx 
Jo
Qm = f L 
Jo
(4.51)
(f>m dx
— E A R 2  y ' '  v—'  r —'
Pm =  o r  /  .. /  ., /  ., Rij Kmn qi qj qn 
i j  ri2 L
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Equivalent Linearization: Eq. (4.50) is a set of nonlinear coupled equations. It 
represents a  general multiple degrees of freedom nonlinear system having equations 
of motion of the form [97]:
</(?, i, n  = Rt) (4.52)
where, q is the generalized displacement vector, gi{q, q, q) is the total internal force 
acting in the i th degree of freedom direction and /  (f) is the stationary Gaussian 
random excitation vector, with zero mean.
It is assumed that a stationary solution to Eq. (4.52) exists.
M~q + C'q + K q  = f ( t )  (4.53)
Equation (4.53) is a set of linear equations where M ,  C and K  are the equivalent 
linear mass, damping and stiffness matrices to be determined in such a way the 
solution of Eq. (4.53) will provide an approximate solution to Eq. (4.52).
In estimating the behavior of a  nonlinear system by a linear system, an error 
will occur. This error is usually defined as the difference or the equation deficiency 
of the two systems. Considering Eqs. (4.52) and (4.53), the error is
e =  g{q, q, q) -  M q  -  C q  -  K q  (4-54)
Since the objective is to obtain a good solution approximation to the nonlinear 
system, the matrices M , C  and K  are to be selected in such a way tha t the error 
e is minimized. Since q is a random vector, the error e also will be a random 
vector. Different minimization criterions can be used, but one that is widely 
employed, would require tha t the mean square value of e is a minimum. That 
means
E  [eT e] —» m in im u m  (4.55)
Then the necessary conditions for the above equation to be true are:
( E \ e T e } ) _  = 0
V / , mh
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( £|e- e ] ) „ i; =  0 
( * [ * * ■ * ] ) ,  -  0
(4.56)
where m^y, cty and kij are the elements of the matrices M , C  and K .  Substituting 
Eq. (4.54) into Eq. (4.56) and performing partial differentiations yields a set of linear 
equations
(4.57)E [ z z t } [ M , C , K ] T = E { z g T (z)]
where
Note tha t the vector z  is Gaussian, since it is assumed tha t the excitation vector in 
Eq. (4.53) is Gaussian. The matrices M ,  C and K  can be obtained in closed form, 
only if the expression E  [zgT {z)\ can be expressed in terms of the instantaneous 
covariance matrix of vector random process z .  If z is a jointly Gaussian random 
process with zero mean and g(z) is a sufficiently smooth function such tha t first 
partial derivatives with respect to Zi exist, it was shown in Ref. 97 tha t
E  [z g T (z )] =  E  [ z z T] E (4.58)
where J (  ) is the Jacobian matrix. Substitution of the above expression into 
Eq. (4.57) yields
E \ z z t ] [M , C , K ] T = E \ z z t } E 9{z) (4.59)
Since z  is Gaussian, its covariance m atrix will be either positive definite or positive. 
When the covariance m atrix  is positive definite, the solution of Eq. (4.59) will 
correspond to a true minimum. If the covariance m atrix is only positive, then the 
solution will again be minimum, since E  [eT e ] is always greater than or equal to 
zero. When E [ z z  r ] is positive definite the only solution of Eq. (4.59) is
[M , C , K }  = E  
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Making use of the definition of z  from Eq. (4.57), the elements of the matrices 
M , C  and K  can now be w ritten as
rriij =  E
Cij =  E
kij  =  E
dgi [q, q, q)
. dh
dgi (g, q, g) 
d ?i .
dgi {q, q, g) 
dqj
(4.61)
It is obvious from Eq. (4.61), tha t the coefficients of the linear system shown 
in Eq. (4.53), in turn  depend on the statistics of the response. This linear system 
can be solved by any of the existing analytical techniques. Typically, the use of 
the spectral density approach, for example will yield nonlinear algebraic equations 
in terms of the second order moments of the response and its time derivative. One 
assumption, usually made in the solution process, is the neglection of off-diagonal 
terms or cross terms in the covariance matrix. This assumption is quite justified 
in view of the fact tha t the cross mode response terms are generally negligible for 
excitations at the natural frequencies [122, 123].
For this analysis, beams with two support conditions, namely simply supported 
and clamped, are considered. The boundary conditions are:
Simply supported Clamped
w |I=0 =  w\X=L= 0
d ~ w  
d x 2 i = 0
_ a iw 
dx- x —L =  o
W \ x = 0  =  w \ x = L  =  0
d w  I   d w  I _
d x  12 = 0  d x  \ x = L
(4.62)
The modal functions of Eq. (4.43) which satisfy the above boundary condi­
tions are:
<f>m {x) = { v - i z l  CIamped. (4-63)
f sin
112- j <Pml
where
<Pm[x) =  cosh Xm x  — cos Am x  — /iim(sinh Am x — sin Am x)
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V’m =  <Pm{x =  —)
cosh Am L/ cos Am L/
(4.64)
sinh Am L  — sin Am L  
and the corresponding values of p.m , Am and x/>m axe given as
/ii =  0.982502216 Ai L = 4.7300408 V>1 =  1.588147
p. 2  = 1.000777311 A2 L =  7.8532046 xp2  = 0.000000
p 3  = 0.999664501 A 3 L = 10.995607 xp3  =  -1.368910
fi4  = 1.000014500 A 4 L  = 14.137166 xp4  =  0.000000
ius = 0.999993730 As L = 17.278759 xp5 = 1.431889
The relationships of Eq. (4.51) will become, on substitution of the mode shapes 
<t>m(x) given in Eq. (4.63), as
Simply supported:
Mm =  
Tm =
p A L
—
2
CL  
2
3 C 2 R 2L
8
Qr ! -  = < nlo m is odd;TO 7T 7m ;s even.
and the coefficients K mn in nonlinear stiffness /? will become
(4.65)
K„
/  *> <■>
=  / 2^ 1 * 
lO  i
if m  = n \  
f m  n .
Clamped:
=
p A L
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and similarly the coefficients K m n  for the clamped case are
' Mm Am (Atm Am L -JJ  if m  = n-
771K m n  =  0  if  m  ±  n is odd;
8 A; k  Am -  if  m  ± n  i s even.
i>m
The constants B m and D m axe the integrals
B m = f  <Pm{x)dx Dm = [ <pzm { x ) d x  (4.67)
Jo Jo
and are evaluated numerically and found to be
Bm D m
m = l 1.85190L 1.32938L
m =3 1.63661L 0.58210L
m =5 1.65296L 0.41490L
Equation (4.50) can be w ritten, after dividing through by the generalized mass M m 
and rearranging, as
-P(t)qm +  +  (7  +  a m qm)qm +  Pm = (4.68)
r m
where for the case of simply supported
E l /  mis \  4hj 1  ( ‘
W*" =  ~pA \~L )£
C 3 C 2 R 2
7  =  — 7  «m =  —— —  (4.69)p A  A p A
_  R M m _  p A m R n  _  £ m _  m  ~ -
~ — . P m  — , ,  771 — 1 , 0 , 5 , . . .
Q m  4 M m
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Similarly for the clamped case
7  — —7  O-m =
p A \  L
C 2  R 2  B r,
p A  p A L i p ^
^  R M m p A R X m L  a   /3
Cxm =  — — ~ ; Pm  —
(4.70)
Qm 4 /^m -Mm
m  — 1 , 3 , 5 ,.
Mean Square Deflections: Since only a uniform pressure is acting on the beam, 
it is evident from Eqs. (4.65) and (4.66) th a t even modes are not excited. For the 
present analysis only three modes namely first, third and fifth modes are considered. 
The acoustic pressure excitation P{t) is assumed as broad band and Gaussian. 
It is Stationary and ergodic and has zero mean. The set of nonlinear equations 
represented by Eq. (4.68) is solved by equivalent linearization as explained earlier.
Applying Eq. (4.61) on Eq. (4.68), the elements of the matrices of the equivalent
linear system defined in Eq. (4.53) will be
  _  I 1.0 if m  — r\
mmr ~  \ 0  i f m ^ r .
_  J  7 +  « m ^ [ ? m ]  =  2 Z r r M m  if m =  r ;
Cmr -  \ o  i f m ^ r .  1 ’
krr.r — Wrn "1” &rr. E]qm
+ II ^ 5 3  ^  K mrE\qi qj] +  2 ^   ^ K mn K ri E[qi <7n] j^
i , j  =  1 ,3 ,5 , . . .  m ,r  =  1 ,3 ,5 ,.
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where Zm is the equivalent damping in m  th  mode and is the corre­
sponding linearized frequency and
n = E I
2p A L  Jq 4?m dx
Since the excitation is Gaussian with zero mean, the approximate modal amplitudes 
and velocities are also Gaussian with zero m ean so that the terms E[qm\ and E\qm] 
are zero. And also the cross term  E[qm qm] is neglected as explained earlier.
It is evident from Eq. (4.71), the off-diagonal elements of matrices M  and C  
are zero. Since this is not the case with the m atrix K , the elements of this matrix 
are listed below for the three modes under consideration.
&ii =  + II [3^1! E[q\] +  6 ^ 1 * 1 8  JE[*i ft]
+ 6 K n K 15  E[qi qs] +  (21^13 +  K n K 3 3 )E[qz \
+  [2Kls +  K n K 5 5 )E[ql] +  2 (K 1 1 K 3 5  +  2 K 1 3 K 1 5 )E[q3  q5]] 
fcx3 =  II \2 K i 3 K 3 3  E\q\] +  Z K n K i 3 E\q\]
-1- 2{2K\Z K \ \ K 33) E[q\ 93] +  2 {2 K \ 3 K 3 3  -I- K \ 3 K 3 3 )E[q3  qs]
+  {2KisK 3 3  + K \ 3 K 3 3 )E[q\ ] +  2 ( ^ 11^35 +  2K i 3 K \ 3 )E[qi qs]] 
k 15  = n  [3K1 5 K 5 5 E[qi\ +  Z K u K l 3 E\ql}
+  2(2K f s + k u K s s ) E\qi qs] +  2(2K 1 5 K 3s +  K i 3 K 3 3 )E[q3  qs]
-f [2K\3 K 3s +  K i s K 3 3 )E[qz ] + 2 ( K n K 3s +  2 K i 3 K i 3 )E[q\ qs]]
k 3 3  =  w| +  II [3K zz E[qz ] +  6 K 3 3 K i 3  E[qi q3] (4-72)
+ 6^ 33^35 E[q3 qs] +  (2K %3  +  K n K 3 3 )E[q\)
+  (2K Z 5  + K 3 3 Kss)E\q\)  +  2(K 3 3 K is  +  2 K i 3 K 3 3 )E\qi  qs]] 
k3 3  =  II [31^351^55 E[q$] +  3K 33.K35 E[q§]
+  2 (2K zs +  K 3 3 Kss) E[q3  qs] +  2{2K\ 3 K 3b +  K \ 3 K 3 s)E[qi qs]
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+ (2 K 1 3 K 1 S + K n K zs )E [q l )  + 2{KzzKi$ + 2KizKzs)E\q i  93]]
^55 =  W5 +  II [3 iff5 E[q\] +  6 K 5 3 K 1 5  E[qi gs]
+  6 .K5 5 .K35  E\qz 9 5 ] +  (2 i f x 5 +  KnKss)E[q f \  
+  ( 2 i f | 5 +  KzzKss)E{q^\ + 2{KizKzz + 2KisKzs)E[qi  9 3 ] ]
and K mn =  K n m . Because, the cross mode response terms are negligible, the 
kmr given in Eq. (4.72) reduce to
k u  =  +  n  [3K ^ E ^ l ]  +  (2 ^ 3  +  K 11K z z ) E { q l )
+ (2K f 5  + K 1 1 Kss)E[ql}]
.    r r  To zr . tr . . z ? r ^ 2 i  1 0  v  rs z r , f - 2 irv13 — [**■*»■ 13-*»5555 I
+  (2 K 1 5 Kzs + K 1 3 K S5 )E[ql]] 
fci5  =  IT [3 ^ 1 5 ^ 5 5  JE7[g|] +  S K u K i s  E[qf]
+ (2KizKzz + KisKzz)E\ql}] 
kzz  =  « f  +  n  [ZKlz E[ql\ + [2K\S +  K l l Kzz)E\q\]  (4.73)
+  (2t f 325 +  X33*:55)£[<752]] 
kzs = n  [3^ 35^55 £ [?52] +  3KzzK 3 5  E[ql\
+ (2 K 1 3 K 1 5  + K 1 1 Kzs)E[q21}} 
k 55 =  wf +  n  [3JT|S % ? ]  +  ^ K fs  +  IT n f f s s ^ b ? ]
+  (2f f | 5 +  K s s K s s ) ^ ] ]
and kmn — knm .
It is obvious from Eq. (4.73) th a t even after neglecting the cross modal re­
sponse terms such as E[gm qn ], m ^  n  the linearized equations have some modal 
coupling because of the nonzero elements kmr, m  ^  r . It is also evident from 
Eq. (4.65), these off-diagonal elements conveniently vanish for simply supported
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case, as K mn, m  ^  n  axe zero. Thus the linear equations, Eq. (4.53), are com­
pletely uncoupled for simply supported beams. From Eq. (4.65) it is clear tha t 
these off-diagonal elements of \K\ are nonzero for clamped case. It is not clear 
a t this point by how much the accuracy will be affected if the off-diagonal elements 
are neglected. Assuming tha t the equations axe uncoupled by neglecting the off 
diagonal elements, the mean square deflections E\q\\ ,  E[q%\ and E[ql\ are deter­
mined for a clamped beam 12 x 2 x 0.084 in. subjected to 120 dB (Re .00002 PA) 
excitation. These mean square deflections are then substituted in Eq. (4.73) to 
give
[kij] =  106 x
0.634 0.265 -0 .186
0.265 11.85 0.121
-0.186 0.121 66.70
(4.74)
Even though the elements ki$ and k^i in the above m atrix are not insignificant it is 
assumed that neglecting the off diagonal elements does not impair the accuracy but 
result in uncoupled linear equations thus facilitating the same solution procedure 
as tha t of simply supported case. With this assumption all the matrices M , C
and K  are diagonal only. The diagonal elements /cmrn are designated as
kmm = 171 — 1 ,3 ,5  (4.75)
The system given in Eq. (4.53) now represents a set of three uncoupled linear 
equations. Since the beam is subjected to a  stationary band-limited white noise, 
the mean square response of each mode will be
* « • !  “  f  (4.76)
where Sp (cj) is the spectral density function of the excitation P ( t ) , and the fre­
quency response function H m (uj) is given by
Hm{yj) = [<?«*(«£, -  "2 + 2 i z mnrnu)} (4-77)
Similarly the mean square velocity is approximately
t p  r  2^ 7 ~  n Sp( n m) , ^
£ |? - 1 =  4 < 3 i ; ^ n m (4-78)
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In practice, the spectral density function is usually given in term s of the fre­
quency /  in Hz. To convert the above results one can substitute 5p(0 m) =  
Sp{fm)/27t where Sp( fm) has the units (N / m ) 2/ H z  or (lb/in.)2/ H z  for beam. 
Since the excitation is w h i te , spectral density function is independent of the fre­
quency.
Two types of beams are considered: A. Simply supported; B. Clamped. Since
the deflection functions for these two support conditions are wholly unsimilar the 
analysis from this point onwards is given separately.
4.2.1 A. Simply Supported Beam
W ith the above substitutions and making use of Eqs. (4.71), (4.73), (4.75) and 
also substituting for Kmn  as given in Eq. (4.65), the Eqs. (4.76) and (4.78) will 
become for the fundamental mode of a simply supported beam as
E[q\] =   5 ^ -------------------------------------- r  (4.79)
{4G ?(7 +  «ii?[<7? ] ) K  +  ^ ( S E [ q 2} + 9 E [q 2} + 25E[q2])}
and
E  =  {4G ?(l +  «! £[??])} <4'80)
Combining Eqs. (4.79) and (4.80), the mean square deflection of the first mode can
be determined by solving a  cubic equation in E{q\\
ao +  a iE [q f \  +  a2 {E[q \ \ ) 2  -I- a3 (E [g f])3 =  0 (4-81)
where
„  _  - S v U )  
a° -  ~1 g T
o-i — ( t H ^ i  +  " ^ " ( 9 +  25E1 [qg])} (4.82)
fl2 =  a i  {wf  +  —^ (OEfgf] +  25E[ql})} +  3 7 -j-  
4 4
wla 3  =  3 a i  —4
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In a same manner, as shown for the first mode, the mean square deflection for the 
third mode can be determined from a cubic equation in E  [gf] w ith the coefficients
given by
„ -  - s * m
4GJ
.2
=  ( 7 ) { « | +  +  25 E[ql\ )}  (4.83)
<*2 =  0 3 { « I +  ^ { E \ q \ \  +  25 E\ql) )}  +  3 7 ^
,2W,
U3 =  3 03 —  4
In a similar way, the mean square deflection for the fifth mode can be determined 
from a cubic equation in E\q\\  with the coefficients
„ -  ~ S^  
0 “  4 G\
«i =  (7 ){ « !  +  +  9 ^ [? l] )}  (4-84)
02 = as{w ' +  +  gE[q2^  + 3 i <t
C3 =  3 <*5
4
Mean Square Maximum Deflections: The mean square deflections for the three 
modes considered have to  be determined by means of an iterative technique. First 
the cubic equations are solved for mean square deflections by neglecting the coupling 
in the coefficients. These values are used as the starting values for subsequent 
iterations. The iteration process is carried out till the prescribed convergence 
criterion is met. As the maximum deflection occurs at x  = L / 2 for a simply 
supported beam, from Eqs. (4.43) and (4.63) one can get
Wmax = ^ 2  Rqm{t) sin
m-nx
(4.85)
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Since only three modes are considered, the total maximum mean square deflection 
wouid be
E  K ^ ) 2] =  E  [ ( „  -  ,3  +  ?5)2] =  E  [,fl +  E  [,I1 +  £ [ ,? ]  (4.86)
Mean Square Strains: The maximum bending strain for a simply supported 
beam occurs a t the top and bottom  (±  h / 2 ) surfaces of the beam  and a t the 
midspan. From Eq. (4.23), the  expression for the maximum bending strain is
h d2w
e b =  ±  “ (4.87)2 d x 2
which can be written on simplification as
=  Si (qi - 9 q3  + 25q5) (4.88)
where
h,R ( 7T\ 2
The average membrane strain  in the beam from Eq. (4.44) is given by
e a  = Tl ^ Y ,  R  K mn Qm qn (4.89)
m n
Expanding and rearranging, for the three modes under consideration, Eq. (4.89) 
can be written as
em =  S 2  (qf +  9 g | +  25 g |) (4.90)
where
* - t (£)2
Since the total strain in the beam is the sum of bending and membrane strains, 
from Eqs. (4.88) and (4.90), the total strain will be given by
er  =  St (qi — 9qs + 25 qs) 4- S2 (<7i +  9 ? ! +  25 g |) (4-91)
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Using Eq. (4.91) the expression for mean square maximum total strain  would be
E[e t 2} = S 2  {E \q { \  + 9 2 E  [g|] + 2 5 2 E[q25]}
+ S 2 {Z[(E[q 2 } ) 2 +  9 2 (E[q2 } ) 2  +  252{E[q2))2] +  2 [9 E [ q 2 \E [q 2}
+  25 E  [qf] E  [gf] +  (9)(25) E  [g|] E  [gfj]} (4.92)
Spectrum of Strain: The spectrum of the response qi{t) is given by
=  G ? [ (n ? -  w*)2( +  4 Z ? n ? W2] * =  1, 3, 5 (4.93)
With the mean square modal amplitudes E\q2] and the spectrum  of response 
Sq{ (/) known, the spectrum  of total strain can be obtained from the relation
S M f )  =  S 21 +  9  2 Sqz{ f )  +  2 5 2 S g 5 ( / ) }
+  2S 2 { E[q\] [3 5gi ( / )  +  9 Sq3 (f)  +  25 Sq5 (f))
(4.94)
+  9 E\q2] [Sql(f) +  (3)(9)5gS(/)  + 2 5 Sq5(f)]
+  25E\q2\ [ Sqi{f) +  9 Sq3 (f)  +  (3)(25) Sq5 (f)}}
4.2.1 B. Clamped Beam
Following the same procedure as outlined for the case of simply supported 
beam, using Eqs. (4.66), (4.70), (4.71), (4.73),(4.76) and (4.78) the  mean square 
deflection of the first mode for the clamped beam can be determined from the cubic 
equation similar to Eq. (4.81) with the coefficients given by
„ -
“° “  ~ l G f
H  =  ( l + ?  +  * i ( f f i3£ |? |]  +  His Elf;])}
1 2  = Hi {wj +  $ i(ffi3 E [gf] + H\^E!<?!])} + 3 ( 4 . 9 5 )  
a3 =  3 a i  $1 
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J l K l  = 2 p A L 2
Similarly mean square deflection for the third mode can be determined from a cubic 
equation in E  [q\\ with coefficints
-Sr(f)do — 4G§
«i =  ( '/ ){ « !  +  M H a i E l q j ]  +  # 35 # [g 52])}
®2 =  0:3 {w| +  $3  (#31  E[q\\ +  #35  jE [g|])} +  3 7 ^ 3  
03 =  3 0:3 $3
$3 =  n  kL =
(4.96)
. 2 _  E I K l ^ l  
133 2p A L 2
Similarly for the fifth mode the mean square deflection can be determined from the 
cubic equation whose coefficients are
- S Mdo = 4G f
=  h ) K 2 +  * s{H SiE[ql]  +  H 5 3 E[ql})} 
a2 =  as{w f +  $ 5 (H5i E  \q\\ +  Hs 3 E[ql])} +  37^ 5  
C3 =  3 05 $5
$ s  =  n  Kh =
(4.97)
,2 E I K l ^ l
155 2/7 A L 2
In the above equations the constants H mn are defined as
#13 =
# 1 5  =
# 3 1  =
# 3 5  =
(2  i f  13 +  # 1 1  # 3 3 )
# i 2i
(2  # 1 5 +  # 1 1  # 55)
# i 2i
(2  # 1 3 +  # 1 1 # 3 3 )
# 3 3
( 2 # 325 +  K 3 3 K 5 5 )
K h
7 8
(4.98)
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Hsi =
Hss =
(2 K 25 +  K u K s s )
K h
(2 K j 5 +  K zzKss)
K h
where K mn for the clamped case axe defined in Eq. (4.66).
Mean Square Deflections: The procedure for determining mean square deflec­
tions is essentially the same as in the case of simply supported beam. Once the 
maximum mean square deflections for three excited modes are determined through 
iteration, the total maximum mean square deflection can be obtained by the fol­
lowing relations
Wmax — ^  \ R  Qm(t) —  ^2 , RQm{i)
( x = L / 2 ) rn
(4.99)
Since, only three modes are considered, the total maximum mean square deflection 
is given by Eq. (4.86).
Mean Square Strains: The maximum bending strain for a clamped beam occurs 
at the top and bottom  ( ± h / 2 ) surfaces of the beam and near the clamped ends. 
From Eqs. (4.43) and (4.63) the maximum bending strain is given by
h d 2w 
£ i '  2 3 ? ( x = 0 )  o r  ( x = L )
(4.100)
where it can be shown tha t 
d 2w
d x 2 = E R  Q m  d 2 <Pr
with
( x = 0 )  o r  ( x = L )  m '  ^ ^
d2 <p„
(x = 0 )  or ( x = L )
dx2
=  2A 2m
(x = 0 )  o r  (x = L )
On substituting the above relationships into Eq. (4.99) the expression for the max­
imum bending strain would be
T71
(4.101)
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And the average membrane strain in the clamped beam is given by Eq. (4.89) and 
the total maximum strain will be the sum of maximum bending strain and the 
average membrane strain , the mean square total strain would be
E[e2T\ = E  [(€6 +  em)2] (4.102)
Since i?[e& em] =  0
E[e2T\ = E[4] + E[e2m] (4.103)
Substituting the relevant quantities in Eq. (4.103) and rearranging results in
E{e2T ] = S 2 { B 1 E[q\\ +  B 2 E[q2} +  B 5 E{q2} }
+  S 2 { K 2x E[q\\ (3E[q2} +  2H 1 3 E[q2})
+  K 23 E[q2} (3E[q2} + 2H3 5 E[q2])
+  K 2 5 E[q2} (3£[?|] +  2H5 1 E[q2})} 
where the constants S i and S 2 for clamped case are given by
hR " R 2
1 =  U  $* = l L
and the constants B i, B 3  and Bs  are defined as
(4.104)
B 3 = l± £11 S 5 = ( ^ l l  (4,05)
w i  v i  V’s
Spectrum of Strain: Proceeding as in the simply supported case, once the 
mean square modal displacements E[q2} and the spectrums of response Sqi{f)  are 
determined, the spectrum  of the total strain can be calculated from the relation
S M f )  = S f  { B i S ql{f)  +  B 3 Sq3 {f) + B 5 s q5 {f)}  
+ 2 S 2  { E[q2} [3 K ^ S ql(f)  +  H 1S K 2, Sq3 (f)  +  H S 1  K 25  Sq5 (f)] 
+  E\q2\ [H1 3 K 2n Sql(f)  +  3 K \ z Sq3 (f)  +  H 3 5 K 23 Sq5 (f)] 
+ E\q\\ [H5 1 K 25 5  Sql (f)  +  H 3 5 K 23 Sq3( f ) +  3 K 2 5  S qS(f)] }
(4.106)
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4.3 Random Response of Symmetrically Laminated Plates
In this study only symmetrically laminated composite plates are considered. 
The governing equations for the large deflection transverse vibrations of laminated 
plates are given in Sec. 4.1.2. Only single mode analysis is carried out for lam­
inated plates with both large deflection and nonlinear damping effects taken into 
consideration.
As was shown earlier in the case of beams, a polynomial of damping terms is 
included in Eq. (4.31), to  yield
phw + (C + C2 w 2)w + Li(w)  — <f>(F,w) — P(x ,y , t )  =  0 (4.107)
The compatibility equation does not change and is given by
L 2 {F) + ^ <j>{w,w) = 0  (4.31)
Consider a rectangular symmetrically laminated composite plate of dimensions 
a x b x h  with the coordinate origin located at the center as shown in Fig. 4.3. The 
boundary conditions for clamped and simply supported edges are given by
Clamped:
dw a
w =  —  = 0  at x  = ± -
dw b . ,w = —— =  0 at y = ± -  (4.108)
dy  2
Simply supported:
d 2w d 2w d 2w a
w -  D u w  + D l 2 W *  +  16& a J  =  2
d 2w d 2w d 2w b
W =  ° U d *  +  ° 2 2  W  +  2 D x d x d y  =  °  a* V = ± 2  (4' 109)
For the inplane conditions of zero shear stress at the edges, a single mode 
deflection function satisfying the boundary conditions of Eqs. (4.108) and (4.109) 
is assumed (clamped condions only) as
w = $ ^ ( 1  +  cos 2=£)(1 +  cos 2|H) clamped; , Q)
\  g(t)h(cos ^ ) ( c o s  ^ )  simply supported.
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Fig. 4 .3  Geometry and coordinates of a laminated plate.
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Introducing Eq. (4.110) into Eq. (4.31) one obtains the  stress function of the fol­
lowing form
F = Fc + Fp (4.111)
where Fp denotes the particular solution. The complementary solution Fc is 
obtained such th a t it satisfies the inplane boudary conditions, immovable or movable 
inplane edges. For immovable inplane edges, the inplane boundary conditions of 
zero inplane normal displacement at all four edges in an averaged manner are
x  = ± \ : =  °; J  j (e° “  \™%)dxdy = o
y = ± \ : ■f’.xy =  °i J J ( 4 - \  w%)dxdy = 0 (4.112)
For movable inplane edges, the edges are free to move as a  rigid body with the 
average inplane stress equal to zero, the inplane boundary conditions are
a f b' 2
x  — ±  : F>Xy — 0; I Fjyydy — 0
£ J — 6/2
b f a / 2
y = ± -  : F,xy =  0 ; /  FjXXdx  -  0 (4.113)
1  J - a / 2
The complementary solution is assumed as
— x 2 — v 2 —
Fc = Ny  —  + N x—  + N xy xy  (4.114)
The particular and complementary solutions of the stress function for clamped and 
simply supported plates with immovable and movable inplane edge conditions are 
found to be:
Clamped laminates:
- q 2 h 2 r 2
Fp =  ----—— [CjocosX  + C oicosF  +  C n  cos X cosY  +  C2ocos2X
+ C 02 cos 2Y  +  C2 1  cos 2 X  cos Y  + C 1 2  cos X  cos 2Y  
+ S n s in X s in F  -I- £21 s in 2 X sin y  +  £ i2 s in X s in 2F] (4.115)
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where
The constants Cjj and Sjj can be expressed in terms of inverted extensional lam­
inate stiffness A*- and the length-to-width ratio r  of the plate as (Ref. 27)
1
with
Cl° = A* A 22
Cox =
Cxi -
r4 A*T x l
2 K S
( K i  -  K i )
° 2 0  = 16A$2 
Cq2 = 16 A *X1
r  K*O i2 =
C21 =
S u  =
5 l 2  =
S 21 =
( K i  ~  K I )
K i
{KI -  K i )  
—2K q
(K i  -  K i )  
- k 4
( K i  -  K I )  
- k 2  
( K i  ~  K i )
Kx = 16 A *2 2  + 4(2 A *1 2  + A*6 6 )r2 +  A*n r4
K 2  = 16 A;6 +  4 A ^ r3
K z =  A *2 2  + 4(2A*12 +  AgS)r2 +  16A*n r4
K 4  =  4 A 26r +  16 A \ Grz
K 5  = A *2 2  + {2A\2 + A l Q)r2 A \ l r4
Kq = 2 A 26r +  2 A*1 6 r3
(4.116)
(4.117)
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For immovable inplane edges
32 {A*U A
W  — Sq2 h 2 7r2 /  A h  _  A ±2  \  (4.118)
32(^1^^422 — -^12) \  b2 a2
h2 rr2  / A h  A \ 2
22 -  a ;1 )  V <*2 b2
N xy = 0
For movable inplane edges
N x = N y = N xy =  0 (4.119)
Simply supported laminates:
2 _ 2
Fp =  g ^  r  (Cio cosX  +  Coi cos y )  (4.120)VA
with Cio and Coi as defined in Eq. (4.116). For immovable inplane edges
N* =
q2 h 2 Tr2  ( A *2 2  A \ 2
8 ( A h A * 22 — A \ 2) \  c 2 6 2
N  q2 h 2 TT2  / A h  A l 2  \  (4.121)
8 ( A h A h ~ A l 2 ) \ b 2 a ? )
N x„ = 0
8 (-^l 1-^22 12)
' *y ~
For movable inplane edges
N x = N y =  N xy = 0 (4.122)
Substituting for deflection and stress function as given by Eqs. (4.110) and (4.111)
and applying Galerkin’s method and modified Galerkin’s method to Eq. (4.107) for
the clamped and simply supported plates, respectively, as
J J [phw +  (C 4- C 2 w 2)w +  Li(w)
— <f>(F,w) — P(x ,y , t ) \  w d x d y  = 0  (4.123)
J J [phw + (C +  C 2 w 2)w +  Li(w)
— 4>{F,w) — P (x ,y ,t)]  wdxdy  
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/•b/ 2
+ /  (Mx)\x=- * { w tX)\x= - ± d y
J —6/2
rb/ 2
+ {Mx)\x=.±{w,x)\x=^ d y
J — 6/2- /
•a/2/ j i {My)\y=_ ^ { w >y)\y=_ t d x
-a/2
r a / 2
+  /  (M y ) l j / = |  (w ,lf) ly = £  d x  =  0
J  —a/ 2  2
(4.124)
-a/2
which yields a modal equation of the form
q +  +  a q 2)q + 9 + (0P +  ^c)?3 =  (4.125)
where the linear radian frequency wo 5 coefficient for nonlinear restoring force (3P , 
additional coefficient for nonlinear restoring force due to the immovable inplane edge 
boundary condition j3c , and modal mass G for panels with clamped and simply 
supported conditions are given below. The damping coefficients 7  and a  are also 
shown below for the the cases.
Clamped:
wo =  ^ - r  [3-C>ii +  2(I?i2 + 2Dqq)t2 +  3Z?22^4]
hit4
Pp = 9 pb4 C io  +  C o i +  C n  -F C 02 +  C 20  +  -  ( C 21  +  C 12)
a -  fe7p4 [ ^22 ~ 2^ i 2r 2 + ^ n r4 ] 4^126 '
" c 8 pa< I  (A*u A*2 2 - A ? 2) )  '
9 p h 2
G = 
1  =
16 
C 16
a  =
ph  
C2 1225 h 
2304 p
Simply supported:
IT4
w 0 =  [ D u  +  2 (Z ?12  + 2 Dqq)t2  +  Z?22^4]
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0p ~ 1 ^ IC10+C°1]
_ h ^ _  ( A*2 2 -2A* 1 2 r 2  + A*l i r 4 \
~  8/7a 4 \  { A l ^ - A ®  )  (4’127)
G  =  * P
2 ~h2
16
C
C2 9h
a  =  --------
16 p
An equivalent linearized equation to Eq. (4.125) can be w ritten as
q +  cq +  k q  =  (4.128)
G
The equivalent linear damping and stiffness coefficients c and k  can be obtained 
by using modified Eq. (4.61) as only one mode is involved. If the acoustic pressure 
excitation P( t ) is stationary, Gaussian and ergodic, and has a zero mean, then the 
approximate modal amplitude q computed from the linearized Eq. (4.128) is also 
Gaussian. Carrying out the linearization yields
c =  2 ZU = 7 +  aE[q2} (4.129)
fc =  n 2 = u 2 + 30  E[q2] (4.130)
where
0  — Pp +  ZPc
the constant £ equais one for inplane immovable boundary conditions and equals 
zero for inplane movable boundary conditions, and Z  and fi are the linearized 
damping ratio and linearized frequency, and E[q2] is the mean square maximum 
deflection of the plate. Making use of relations given in Eqs. (107) and (109) the
mean square maximum deflection E[q2] can be determined from the cubic equation
ao +  aiE[q2] +  a2 {E\q2 \ ) 2 +  a3(i?[g2])3 =  0 (4.131)
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where
» -
°°
Oi =  7  Wo .
0 (4.132)
a2 =  awo +  3 7/?
03 =  3 a  /?
Mean square strains: The strain components for both  clamped and simply 
supported cases are calculated from Eqs. (4.34),(4.39),(4.40), (4.110),(4.I l l )  and
(4.133)
=  lA l  W  + Z ( K}
Clamped:
For clamped symmetrical laminates, the strains on the surface (z  = h j2) of 
the plate and in body coordinates is given by
ex =  q?r cos X  (1 +  cos Y)
2 a*
+  >^ r { A l l T1x +  A \ 2 T)y +  A\QT)xy)  ^ ^U~
,2— Cx 1 q +  Cx 2 q
q-K2 h2  . .
Ey =  ~2 b2~  COS ^  +  COS ^
_^<l2 k 2 ( A* , A*  ^ (4.135)
£2 \ ^ ' 1 2 t1x +  A . 2 2 V y  +  -4.26 V x y )
= Cy 1 q + C y 2 q2
eZv = -------;—  sm X  sm Y* ab
( a- , % (4-136)
j,2 ( 16 d* A 26 77t/ +  -4g6 T lx y )
=  f-'xyl 9 4" Czj/2 q
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where
2 2
t)x = —-— [4 5i2 s in X  s in 2 y  
o
-I- ^ 2i s in2X  sinV  +  5 n  s in X  s in y
4- 4Ci2 cosX  co s2y  +  C21 cos2X  co sF  (4.137)
-F 4C o2 co s2 y  +  C n  cosX  c o sy  +  Coi cosy]
3 £?r2 ( A \ 2 — A \ 2 r 2  1 
32 r 2 \  A \ xA 2 2  — A \ 2 J
7T2
rjy =  —  [S12 s in X  s in 2y  
8
+  4 521 sin2X  s in y  +  5 n  s in X  sinX
+  C12 cosX  co s2y  +  4 C 2 i  c o s2 X  c o s X  (4.138)
+  4 C20 cos2X  +  Ci 1 cosX  cosX +  Cio cosX]
3 £ 7r2 f A ^ r 2  A I 2  1 
" ! r 2 { A U A ^ - A l 2 !32;
7r2 r ,
(4.139)
T)x y  =  ——  [2  5 i 2  c o s X  c o s 2 y  
8
+  2 521 cos2X  cosX +  5 n  cosX  cosX 
+  2 C 12 s in X  s in 2 y  +  2 C21 sin2X  s in y  
+  C11 s in X  siny ]
Simply supported:
Expressions similar to Eqs. (4.134),(4.135) and (4.136) are obtained for the 
simply supported case with the constants given by
7T2 h 2
Cx 1 =  — „ cosX  cosX
2 az
7T2 h.2 {  A *
C x 2  =  ( cos2y  +  - j ^ - r 2 cos2X  +  f
8 ab \  A *22
TT2 k 2
Cyl =  - c o s  X  c o sy  
y 262 (4.140)
7T2 h 2  (  A \ 2
c »2 =  { 1 ^  c o s 2 y  +  cos2Ar +  £
7r2 h 2
Cxy 1 = ------ — s in X  sinX
ab
C x y 2 =  0
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The strain components on the surface of the plate and in the  principal material 
directions axe obtained through a  coordinate transformation as [121]
e2 ► =
,712 ,
C 2
S2
s2 cs 
c2 -cs
- 2  CS 2 CS C2-
B n  ' B \ 2
" B 2i > + q2  < b 22
. Bs i  , , B 32 ,
_
/ '  ct l ' '  cx2' \
9 < Cy 1 > + q 2 < Cy  2 ►
V , Cxy 1 , , Cxy2 , J
= 9
(4.141)
where C = cos 6, S =  sin0 and 6 is the angle from the x-axis (body coordinates) 
to the 1-axis (major principal material coordinates). The B ’s are simply B n  = 
c 2c sl + s 2 Cyi + CS Cxyi , etc. The mean square strain  a t any point on the 
laminated plate in the m aterial directions are then related to the  m ean square modal 
amplitude by [30]
' E [ e \ y B 2n
E[e2} > =  E[q2\ < b 21 > +  3(E[g2])2 «
. E b U  , . B l i  ,
B \ 2  
B 22 (4.142)
B23 2
Spectrum of strain:
From Eq. (124) the response ofq(t) is given by
SP(f)
S M  = G2[{n2 -  u2)2 + 4Z2 n2 u2}
Then the strain spectra in material directions are given by
(4.143)
& ,» ( / )
/ B 2n ’ b \ 2 ' \
< B \i ► +  6 E [g 2] < p2-D22 ,
V . *Ii . B h . /
S M (4.144)
Once the mean square modal amplitude E\q2] of Eq. (4.128) and the spectrum 
of modal amplitude as given by Eq. (4.143)are determined, the mean square strains 
and spectra of strains can be obtained from Eqs. (4.142) and (4.144).
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Chapter 5
NUMERICAL RESULTS AND DISCUSSION
The primary objective of this study is to investigate whether structural non­
linear damping can contribute to  the broadening of strain spectrum peaks at high 
sound pressure levels (SPL) and also to find how the nonlinear damping in general 
affects the random response of beam and plate structures at such high excitations. 
W ith the above purpose in mind, some numerical results for beam and plate struc­
tures with simply supported and clamped support conditions, subjected to broad 
band acoustic excitation are presented. The accuracy of the direct equivalent lin­
earization method is established by comparing the deflections obtained from single 
mode analysis with the exact solution and finite element method results. Also 
the plots of strain spectral densities for different sound spectrum levels (SSL) are 
provided, for both beams and plates, to show how the nonlinear damping could 
contribute to the broadening of response peaks at high excitations.
5.1 Response of Beams
In the case of beams numerical results are presented for both single mode and 
multimode analyses. The beam reported by Smith et al. [59] in their experiment is 
used here for the numerical results and strain spectral density plots. Only isotropic 
material is considered. The beam  is made of 2024-T3 aluminum. The same beam 
is used for both simply supported and clamped cases. The dimensions and material
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properties of the beam are:
width
thickness
length
Young’s modulus 
mass density
6 =  2 in. 
h =  0.064 in.
L = 12 in.
E  =  10.5 x 106 psi 
p =  0.2588 x 10-3  lb — see2 / i n . 4
The quality factor Q , a t the fundamental mode and at low amplitude, as found 
from the data given in Ref. 59, yields a structural damping £ =  0.00625.
Linear viscous damping: The linear viscous damping is represented by 7  and 
the assumption regarding its value is of crucial importance. The large deflection 
differential equation of motion for the beams with nonlinear damping considered is 
given by Eq. (4.68). Since the load represented by P(t ) has the units (lb/in.) 
and Gm has the units (lb — sec2 fin.) the term P ( t) /G m has the units (1/sec2) . 
Keeping in mind tha t q is the nondimensionalized general coordinate and tha t q 
has the units of (1 /s e c ) , it is evident tha t 7 , 6 m and a m appearing in Eq. (4.68) 
have units of ( l / s e c ) . The coefficient C which appears in the definition of 7  
in Eqs. (4.69) and (4.70) has the units of (lb — sec/in.2).  This coefficient C is 
nothing but the coefficient of viscous damping per unit length ((lb — sec /  in.) /  i n . ) . 
The value of the coefficient C can be assumed in such a way tha t
(5.1a)
or
7  =  2fL!i i  =  1,3 ,5 (5.16)
where f is the damping ratio (cfccr) and wt- is the modal frequency. In this 
analysis, first the value of 7  as given in Eq. (5.1a), is taken as constant in all the 
three modes. Secondly, the value of 7  as defined by Eq. (5.1b) is considered, i.e.,
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the damping ratio f is assumed constant in all the three modes. It is evident that 
the first case can also be interpreted as the case where
7  =  2 f wj  =  2&t Ji (5.2)
It is clear from the above equation, since the damping force is deemed constant, the 
damping ratio becomes smaller as the modal frequencies increase, g =  0.00625 is 
the damping ratio value used for all the calculations except for the few cases, where 
the damping ratio used is specified.
Nonlinear damping: The nonlinear damping coefficient, as mentioned earlier, has 
the units of (l/sec) and the coefficient Ci has the units of (lb — sec/ in 4) . The 
nonlinear damping coefficient a m as defined in Eq. (4.69) for simply supported 
case does not depend on the mode number m .  Assuming C2  =  1.0 (lb — sec/inA) 
the value of nonlinear damping coefficient a for the simply supported beam under 
consideration turns out to be
_  1 (lb -  sec /in .4) x 0.3413 E  -  03 (in.2)
0.25881? — 03 (lb — sec2 / in .4) X 0.768(m.2)
and is the same for all the three modes. On the other hand the nonlinear damping 
coefficient for the clamped case as defined in Eq. (4.70) shows slight dependency 
on the mode number. For the beam under consideration, assuming C2 =  1.0 (lb — 
sec/ in4) , the values of the nonlinear damping coefficient for the three modes are 
calculated, as shown above for simply supported beam, as
Qi =  7.523 03 =  8.999 05 =  8.311 (1/sec) (5.4)
The value of nonlinear damping coefficient o  as determined by curve fitting with
the experimental da ta  of Fig. 3.5 (Fig. 8 of Ref. 59) is approximately 10. It is
interesting to note th a t the value of nonlinear damping coefficient from experiment 
is very close to the values given above for the clamped case which are obtained by the 
introduction of nonlinear damping terms directly in the governing equation of the 
beam itself. Higher or lower values of a. can be achieved by suitably adjusting the
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coefficient C2  • It is obvious tha t the coefficients C and C2  need to  be determined 
experimentally.
5.1.1 Accuracy of the Solution
Since direct equivalent linearization is used in the solution process, the accuracy 
of the method is established by comparing single mode analysis results with other 
methods. Simply supported and clamped beams are considered. The dimensions 
of the beam, as given above, are the same for both cases. Nonlinear damping is 
neglected and the damping ratio f =  0.01 is used for the comparisons. The value 
of the linear damping is assumed to be the one given by Eq. (5.1a). The beams 
are subjected to five sound spectrum  levels (SSL) of 90, 100, 110, 120, and 130 dB 
(Ref.  2 x  10~5 N / m 2 . RMS displacements obtained from the present method are 
compared with those obtained from exact solution [87], finite element solution [124] 
and linear solution as shown in Figs. 5.1 and 5.2. It is evident th a t the present 
solution compares well w ith the exact solution and with finite element solution. 
And also the figures corroborate the observation [88] that the stochastic linearization 
method yields solutions which underestimate the exact statistical moments of the 
response.
Seide [ i l l]  calculated the maximum displacements and stresses of simply sup­
ported and clamped beams subjected to  white noise. In these calculations the 
number of included terms was taken to be 100, a number which was deemed large 
enough to give satisfactory values of RMS maximum displacements and stresses over 
the entire range of excitation values. A numerical iteration scheme was employed 
to calculate the maximum displacements and stresses. The present method is a 
closed form solution considering three modes only, using direct equivalent lineariza­
tion [97]. RMS displacements and stresses obtained by present m ethod, neglecting 
nonlinear damping, are compared with the values given in Ref. 111. The assump­
tion regarding linear damping is of Eq. (5.1a). Equation (4.86) gives the mean 
square maximum deflection for three mode solution for both simply supported and
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Fig. 5.1 Comparison of RMS deflection obtained by different meth­
ods for a 12 x 2 x 0.064 i n . simply supported beam.
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F ig . 5.2 Comparison of RMS maximum deflections obtained by differ­
ent methods for a 12 x 2 x 0.064 i n . clamped beam.
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clamped cases. M ean square maximum strains for simply supported and clamped 
cases are given by Eqs. (4.92) and (4.104) respectively. Comparisons with Ref. I l l  
for simply supported and clamped cases are given in Tables 5.1 and 5.2. The 
nondimensional excitation parameter 5  is defined as
=  Sp(f) ( L \ 4 
TTQEpA~i \ R J
where Sp(f )  has the units (lb/in.)2/ H z  and is given by Sp( f )  = P S D  x b2 . 
Where the pressure spectral density (PSD) is calculated from the sound spectrum 
level (SSL) value using the relation
P S D  = 8.42160 x 10l°-i*ssL-i8.o)
And the mean square maximum stress is defined as
E{i2t}L2 
tr4 R 4
As an example, a  SSL value of 130 dB gives the nondimensional excitation 
parameter S  = 440.0 for the simply supported case. Realistically speaking, 130 
dB is a  very high excitation level. But for comparison purposes in Tables 5.1 and
5.2 the parameter S  is taken up to a maximum value of 5000. It can be seen that 
even a  single mode solution is adequate to provide reasonably accurate deflections. 
On the other hand it is evident from the RMS maximum stress values tha t more 
modes need be taken into account for accurate determination of stresses or strains. 
Also it is evident from the above values the error in strain prediction, assuming 
the values given in Ref. I l l  as the base, grows with the excitation. For realistic 
excitations, S  =  500 the strain prediction of the present m ethod is in error of 16 
percent in case of simply supported and 27 percent for clamped case. And the 
analytical results also show that while the maximum RMS deflection is always less 
than th a t of the simply supported beam, the maximum RMS stress for the clamped 
beam, which occurs a t the clamped edge, is always greater than the maximum RMS
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(5.7)
Table 5.1 Comparison of RMS maximum deflections and stresses for a 
simply supported beam ( f  =  0.00625, a  =  0.0, 7  =  2fa>i)
s
Single
Mode
RMS Max. 
Three 
Modes
Deflection 
Ref. [I ll]
Single
Mode
RMS Max. Stress 
Three 
Modes R ef.[lll]
IE-02 0.1971 0.1973 0.1973 0.3419 0.3674 0.3802
IE-01 0.5676 0.5678 0.5678 0.9929 1.0794 1.1230
1E+00 1.3180 1.3176 1.3175 2.4035 2.7394 2.9087
1E+01 2.5820 2.5776 2.5769 5.3229 6.6171 7.2965
1E+02 4.7370 4.7165 4.7125 12.716 16.628 19.172
5E+02 7.1399 7.0946 7.0828 25.302 32.308 38.360
1E+03 8.5068 8.4461 8.4277 34.627 43.292 51.796
5E+04 22.710 22.487 22.347 226.76 253.25 300.79
Table 5.2 Comparison of RMS maximum deflections and stresses for a 
clamped beam ( f  =  0.00625, a i  =  0.0, 7  =  2fu>i)
S
Single
Mode
RMS Max. Deflection 
Three
Modes Ref. [ 111]
Single
Mode
RMS Max. Stress 
Three 
Modes Ref.J 111]
IE-02 0.0913 0.0916 0.0916 0.4518 0.5089 0.5428
IE-01 0.2870 0.2877 0.2878 1.4197 1.6013 1.7092
1E+00 0.8591 0.8604 0.8606 4.2597 4.8508 5.2229
1E+01 2.1408 2.1372 2.1369 10.766 12.862 14.445
1 E+ 0 2 4.3543 4.3214 4.3179 23.009 ■JQ.2S7 37.463
5E+02 6.7464 6.6630 6.6494 38.629 53.689 73.325
1E+03 8.0908 7.9751 7.9527 48.841 68.530 98.314
5E+04 21.894 21.444 21.234 231.98 295.09 545.48
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stress for the simply supported beam. It is interesting to note th a t the ratio of 
RMS maximum stress of clamped beam to that of simply supported is almost two 
in the range of S  = 10 to S  = 100. But the important fact th a t must be kept in 
mind is tha t the results given in Ref. I l l  are still analytical results.
5.1.2 Effects of Nonlinear Damping
By neglecting higher modes, the analyses for beams given in section 4.2 reduces 
to that of single mode large deflection analyses of beams w ith nonlinear damping 
carried out by Mei and Prasad [125]. Both simply supported and clamped beams 
subjected to acoustic excitation were considered. The material properties are the 
same as tha t given above. The results and the plots of stra in  spectral density 
provided in Ref. 125 clearly show that nonlinear structural damping contributes 
to the broadening of response peaks at higher excitation levels. It is shown that, 
as the nonlinear damping a  increases, both RMS maximum strain and deflection 
decrease, see Figs. 5.3 and 5.4. Figures also show th a t the effects of nonlinear 
damping on strain and deflection are extremely significant for small values of a .
It is mentioned earlier tha t the choice of linear viscous damping is important 
in determining the response characteristics. Table 5.3 shows some of the response 
characteristics of a  simply supported beam subjected to 130 db SSL excitation. The 
7  is considered as defined by Eq. (5.1a). The results from a single mode solution 
and three-modes solution with or without nonlinear damping are compared. On 
the other hand, the response characteristics, obtained by considering 7  as defined 
in Eq. (5.1b), are given in Table 5.4. Comparison of results in Tables 5.3 and 5.4 
reveal the influence of linear viscous damping. Of course the choice of 7  does not 
have any influence on the single mode solution. I t ’s influence becomes evident in 
the multiple modes solution only. With three modes considered, the influence of 
7  on its own is more pronounced on RMS maximum strain and stress. Further, 
comparison of the last column of the two tables reveal th a t the choice of 7  has 
a profound effect in conjunction with the nonlinear damping on every aspect of
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Fig. 5.3 RMS maximum Strain vs sound spectrum level for a clamped 
beam with f =  0.01.
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Table 5.S Comparison of response characteristics of a simply supported beam
with viscous damping of first type (130 dB SSL, f  =  0.00625, a  =
7.728, “y =  2ju»i)
Single mode 
(a  =  0 )
Single mode 
(a =  7.728)
Three modes 
(a =  0 )
Three modes 
(a  =  7.728)
RMS Maximum
Deflection 6.9097 3.0530 6.8670 3.0489
RMS e m a x 0.5588 E-03 0.1556 E-03 0.7160 E-03 0.4336 E-03
RMS Maximum
Stress 23.8800 6.6524 30.607 18.532
Linearized
Frequencies 246.3 Hz 114.8 Hz 250.2 Hz 123.6 Hz
(Linear
Frequencies) (40.6) (40.6) (40.6) (40.6)
627.3 Hz 480.5 Hz
(365.3) (365.3)
1279 Hz 1 1 1 0  Hz
(1014) (1014)
Equivalent
Damping 0.1030 E-02 0.5216 E-01 0.1014 E-02 0.4502 E-01
0.4045 E-03 0.9269 E- 0 2
0.1983 E-03 0.2721 E-03
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Table 5 .4  Comparison of response characteristics of a simply supported beam
with viscous damping of second type (130 dB SSL, J =  0.00625,
0 1 =  7.728,7 =  2 fw,- z =  1,3,5)
Single mode 
(a =  0)
Single mode 
(a =  7.728)
Three modes 
(a =  0)
Three modes 
(a =  7.728)
RMS Maximum
Deflection 6.9097 3.0530 6.9051 3.0548
RMS e m n x 0.5588 E-03 0.1556 E-03 0.5760 E-03 0.2313 E-03
RMS Maximum
Stress 23.8800 6.6524 24.622 9.8856
Linearized
Frequencies 246.3 Hz 114.8 Hz 246.7 Hz 116.9 Hz
(Linear
Frequencies) (40.6) (40.6) (40.6) 
566.8 Hz 
(365.3) 
1238 Hz 
(1014)
(40.6) 
431.4 Hz 
(365.3) 
1070 Hz 
(1014)
Equivalent
Damping 0.1030 E-02 0.5216 E-01 0.1028 E-02 
0.4028 E-02 
0.5124 E-02
0.5027 E-01 
0.5554 E-02 
0.5932 E-02
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the response characteristics. Since nonlinear damping is am plitude dependent, it’s 
effect is more pronounced in the first mode, which can be readily seen from the 
equivalent damping values.
Similar calculations are carried out and are shown in Tables 5.5 and 5.6, for a 
clamped beam for the same excitation of 130 dB. As explained a t  the beginning of 
this chapter, the nonlinear damping coefficient has different values for each mode. 
The values used in the calculations axe also shown in the above Tables. The 
effects of linear damping and nonlinear damping are quite similar to tha t of simply 
supported case and similar conclusions can be drawn for clamped case also.
Further, Tables 5.3 to 5.6 reveal tha t nonlinear damping has great effect on 
RMS deflections and strains and resonant frequencies. For example, in Table 5.4, 
with nonlinear damping neglected (ccm =  0), the linearized first mode frequency is 
247 Hz which is six times the fundamental frequency of the beam. Introduction of 
nonlinear damping provides a linearized frequency of 117 Hz, which might be con­
sidered as a more plausible value. Another interesting fact is th a t a clamped beam 
has almost two and one half times the equivalent damping of a simply supported 
beam for the first mode.
5.1.3 Strain Spectral Densities
The maximum strain spectral densities (// in. / in. )2/ H z  a t five sound spectrum 
levels from 80 to 120 dB with nonlinear damping coefficient a  =  0 and with the 
two types of linear damping are shown in Figs. 5.5 and 5.6 for the case of simply 
supported beam, using Eq. (4.94). Figure 5.5 corresponds to linear damping of 
the first kind, defined in Eq. (5.1a), whereas Fig. 5.6 corresponds to tha t of the 
second kind as given in Eq. (5.1b). Comparison of the two plots leads to the 
conclusion, tha t second kind of linear damping results in more realistic response 
peaks. Further, it is noted th a t in Fig. 5.5, the third mode response peaks are 
consistently higher than the first mode peaks for all the excitations. In contrast, 
Fig. 5.6 shows tha t the first mode peaks are higher than the th ird  mode peaks, which
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Table 5.5 Comparison of response characteristics of a clamped beam with
viscous damping of first type (130 dB SSL, f  =  0.00625, on =
7.523, « 3  -  8.999, ct6  =  8.311, -y =  2fwx)
Single mode 
(a i =  0)
Single mode 
(ax 0)
Three modes 
(am =  0)
Three modes
(a m /  0)
RMS Maximum
Deflection 5.2312 2.7630 5.1812 2.7574
RMS e m ,lx 0.6643 E-03 0.3286 E-03 0.8980 E-03 0.6739 E-03
RMS Maximum
Stress 28.394 14.047 38.386 28.806
Linearized
Frequencies 223.9 Hz 141.74 Hz 228.2 Hz 150.1 Hz
(Linear
Frequencies) (92.0) (92.0) (92.0) 
660.2 Hz 
(497.3) 
1378 Hz 
(1228)
(92.0) 
581.4 Hz 
(497.3) 
1296 Hz 
(1228)
Equivalent
Damping 0.2568 E-02 0.3629 E-01 0.2520 E-02 
0.8712 E-03 
0.4173 E-03
0.3258 E-01 
0.1469 E-02 
0.4688 E-03
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Table 5.6 Comparison of response characteristics of clamped beam with viscous
damping of second type (130 dB SSL, f =  0.00625, a i =  7.523, 0 :3  =
8.999,a5 =  8.311,7 =  2 fw,- t =  l , 3 ,5)
Single mode
(oj =  0)
Single mode
(cti ^  0)
Three modes 
(a m =  0)
Three modes 
(am ¥= 0)
RMS Maximum
Deflection 5.2312 2.7630 5.2223 2.7601
RMS t m a z 0.6643 E-03 0.3286 E-03 0.7067 E-03 0.4251 E-03
RMS Maximum
Stress 28.394 14.047 30.2086 18.1693
Linearized
Frequencies 223.9 Hz 141.74 Hz 224.7 Hz 143.8 Hz
(Linear
Frequencies) (92.0) (92.0) (92.0) 
622.9 Hz 
(497.3) 
1352 Hz 
(1228)
(92.0) 
546.5 Hz 
(497.3) 
1269 Hz 
(1228)
Equivalent
Damping 0.2568 E-02 0.3629 E-01 0.2560 E-02 
0.4989 E-02 
0.5675 E-02
0.353858 E-01 
0.5465 E-02 
0.6049 E-02
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is nearer to the reality. Hence it is assumed that second type of linear damping is 
more realistic compared to the first. As such, only second type of linear damping is 
used in conjunction with nonlinear damping for all the subsequent spectral density 
plots. Figure 5.6 (a  =  0) clearly demonstrates that nonlinear stiffness does not 
contribute to the opening or broadening of the resonance peaks a t high excitations 
except to shift the resonances.
The effects of nonlinear damping for simply supported beam are shown in 
Figs. 5.7 and 5.8. The nonlinear damping coefficient, a  =  7.728 is the value 
used. Figure 5.7 on comparison with Fig. 5.6 (a  = 0) clearly shows th a t nonlineax 
damping not only broadens the response peaks but also has great influence on the 
modal frequencies. Figure 5.8 (a  =  0) is the blow-up of Fig. 5.6, showing only first 
mode response peaks. Similarly Fig. 5.9 (a  =  7.728) is the blow-up of Fig. 5.7, 
containing only first mode peaks. Comparison of Figs. 5.8 and 5.9 clearly show 
how the strain response peaks a t 110 and 120 dB axe getting progressively wider. It 
is also of interest to note, how nonlinear damping brings widely spaced resonances 
(Fig. 5.8) little closer (Fig. 5.9).
Figures 5.10 (a m =  0) and 5.11 (a m /  0) are strain spectral density plots for 
a clamped beam made using Eq. (4.106) for five sound spectrum levels from 90 to 
130 dB. Linear viscous damping of second type is used. The modal frequencies axe 
shown in Table 5.6. Figure 5.11 looks very similar to Figs. 3.2 to 3.4. Figure 5.12 is 
the blow-up of Fig. 5.10, showing only the first mode resonance peaks and Fig. 5.13 
is the blow-up of Fig. 5.11. Comparison of Figs. 5.12 and 5.13 clearly reveal the 
influence of nonlineax damping in broadening the response peaks and bringing them 
closer.
5.2 Response of Laminated Plates
For the case of laminated plates, results are presented for single mode analysis 
only. Because of the complications in analysis of using many coupled modes [29], 
only single mode approximation is used in this study [126]
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Using the present formulation, nonlinear response of symmetrically laminated 
composite rectangular plates subjected to broadband random  acoustic excitation are 
studied. Both clamped and simply supported out-of-plane boundary conditions are 
considered. In plane edge conditions considered are immovable and movable. A 
15 x  12 x  0.040 in.  plate with (0/45/ — 45/90)a ply orientation of graphite-epoxy 
with properties:
E i  = 23.7 x  106 psi E 2 =  1.48 x  106 psi vx2 =  0.30
r -i , lb — sec2.G 12 =  0.94 x  106 psi p = 0.2588 x  10"“ (— — — )
m .4
is used for analysis for both simply supported and clamped plates.
Linear Viscous Damping: Since the right hand side of Eq. (4.125) has the 
units of (1 /sec2) and q is nondimensional general coordinate, it is clear tha t 7  
and a  have the units of (l/sec ) . The coefficient C  in the definition of 7  given 
in Eqs. (4.126) and (4.127) has the units of (lb — sec / in .3) . In the case of plates 
the coefficient C  can be viewed as coefficient of viscous damping per unit area. 
The value of C  can be chosen in such a way th a t 7  =  2 f a ; i . Since only single 
mode analysis is carried out the choice of 7 , as shown in the case of beams, is of no 
consequence. For all calculations in this section a linear damping ratio $ =  0.01 
is used in the analysis.
Nonlinear Damping: It is mentioned earlier th a t the  value of nonlinear damping 
a  is estimated by extrapolation from the experimental data for a 12 x 2 x 0.064 in. 
clamped-clamped beam reported by Smith et al., and  it is found that a  is ap­
proximately 10. For a 15 x  12 x  0.040 in. clamped plate, therefore, it would 
have a  minimum value of 60 based on the short side of 12 i n . , an intermediate 
value of 75 based on the length of 15 in. and a maximum value of 135. It is 
shown above th a t a  has the units of ( l /s e c ) . By assuming that the coefficient 
C2 = 1.0 (lb — sec/in .5) , and by substituting the values of p and h in the def­
initions of a  given in Eqs. (4.126) and (4.127), it is found tha t a  =  145.9 and
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a  =  154.3 for clamped and simply supported cases respectively. It is obvious by 
by choosing C2  < 1.0 or C% > 1.0 the nonlinear damping coefficient values can be 
varied. Since the objective of this study is to investigate the effect of nonlinear 
damping, the values of nonlinear structural damping coefficient a  =  0, 50, 100 
and 150 (l/sec) are then used in this study.
5.2.1 Clamped Rectangular Plate
The transverse strain spectral densities (n in . / in . )2/ H z  a t the center and on 
the surface of the plate a t five sound spectrum levels (SSL) from 80 tO 120 dB 
(R e f .2 x 10-5  N / m 2) axe shown in Figs. 5.14 to 5.17 for a  =  0, 50, 100 and 150, 
respectively. It is demonstrated clearly in Fig. 5.14 th a t the nonlinear stiffness 
alone ( a  =  0 in Eq. (4.125)) will not contribute to the broadening or flattening out 
the response peaks at high SPL but only to the shifting of the resonance peak. The 
effects of the nonlinear damping term (aq2 q) are shown in Figs. 5.15 to 5.17, it 
not only broadens the peaks but has great influence on the modal frequencies. The 
equivalent linear damping ratio , Z  is a good indicator for measuring the opening 
up of the strain response peaks. For example, the peaks a t 120 dB are widened 
approximately 3.6, 5.8 and 7.7 times for a  = 50, 100 and 150 (Figs. 5.15 to 5.17) 
as compared with the strain response for a  = 0 in Fig. 5.14.
Figures 5.18 and 5.19 show the RMS (maximum plate deflection/h) and RMS 
strains in the principal directions on the surface and at the center of the plate 
( RMS 612 =  0) versus SSL for the clamped composite laminate with immovable 
inplane edges at a  =  0, 50, 100 and 150. The equivalent linearized frequency 
(ClinHz) is shown in Fig. 5.20. Results based on small deflection linear structural 
theory are given in dotted lines in Figs. 5.18 to 5.20. For acoustic excitations of 
SSL less than 90 dB, the small deflection assumption will yield good results for 
the composite panel studied as the linear and nonlinear solutions coalesce. But 
at 130 dB SSL, for example, the small deflection analysis predicts tha t the plate 
would deflect 17.5 times the plate thickness. Since the plate under consideration
118
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F ig . 5.18 RMS maximum deflection vs sound spectrum 
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has a  thickness (h) of 0.040 in ., the  RMS maximum deflection would be 0.70 in.. 
The large deflection analysis, w ith nonlineax damping neglected, (a  =  0) would 
predict a deflection of 3.5 h; whereas, the nonlinear analyses (large deflection with 
nonlinear damping) predicts between 1.8 h to 1.5 h at the same SSL for the values 
of a  (50 to 150). The later values demonstrate the effect of nonlinear damping 
terms included in the analysis. Similar conclusions can be drawn on the panel 
resonance frequency fl (see Fig. 5.20). The small and large deflection analyses 
predict values of 92.9 and 459.8 Hz at 130 dB SSL, whereas nonlinear analysis with 
a  =  150 predicts a value of 195 Hz. The restraining influence of nonlinear damping 
on resonant frequencies is evident.
5.2.2 Simply Supported Rectangular Plate
Figures 5.21 and 5.22 show the  RMS maximum deflection and RMS maximum 
strains in the material coordinates versus SSL for the simply supported laminate 
with immovable inplane edge conditions at a  =  0, 50, 100 and 150. Small 
deflection solutions are shown in dotted lines. The general conclusions drawn from 
the results of clamped plate are also valid for the simply supported case.
It is interesting to point out th a t the RMS deflection curves are all convex 
downward for both clamped and simply supported cases (Figs. 5.18 and 5.21) as 
SSL becomes more intensified. The RMS strain response curves, however, are 
convex downward first and then slightly concave upward as shown in Figs. 5.19 and 
5.22. This is because of the fact th a t mean square deflection becomes so large and 
the inplane effect dominates (the last term  in Eq. (4.142)) at high SSL.
5.2.3 Clamped Square Angle-Plv plate
To investigate the effects of ply-lamination, number of layers, and inplane edge 
conditions on panel reponses with the presence of nonlinear damping, a 12 x 12 x
0.040 in . clamped regular symmetric angle-ply laminate with a linear damping 
ratio f =  0.01 and nonlinear damping coefficient a = 100 subjected to a sound
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spectrum level of 130 dB (R e f. 2 x  10 5 N /m 2) is studied. In the following results 
presented, a  representative high-modulus Graphite/Epoxy w ith m aterial properties:
E \ G\2—1 =  40 —^  = 0.5 2/12 =  0.26
J&2 j&2
£ 2 =  0.75 x  106 psz p = 2.4 x  10-4  (— — — )
in .4
is used.
The RMS maximum deflection, RMS stress in the major principal material di­
rection on the surface and a t the center of the plate ( 0 2  and r i 2 are small), and the 
equivalent linear frequency (fi in Hz) are shown in Figs. 5.23 to 5.25 respectively, 
as a function of lamination angle 0 and a number of layers N . In general, the 
RMS deflection increases with the lamination angle, while the linearized frequency 
decreases as the lamination angle increases. The deflection of the immovable in­
plane edges case is much less than that of the movable edges; th a t is, as the inplane
edges are restrained, the  plate becomes stiffer. This also leads to  smaller stress and
higher frequency for the  immovable inplane edges. The num ber of layers N  has 
very little effect on RMS deflection and modal frequency, but it has some effect on 
stress. The infinite number of layers case corresponds to the specially orthotropic 
solution in which the laminate stiffneses Ai6, A 2 6 , Dig and D 2 6  (see Eqs. (4.33) 
and (4.34)) are neglected. For a regular (constant plate thickness h) symmetric 
angle-ply the extension and bending stiffness [121]
/4 l6 , A 26 =  J j  ( Q 16? Q 26)
n  h3 (3N2 -  2) ,
16> D 2 6  — 12N 3 ^ 16’ *^26)
obviously decrease as N increases. A careful examination of Figs. 4.24 and 4.25 
indicates tha t a 3-layered angle-ply with lamination angle 0 between 20 to 30 
degrees and immovable inplane edges would have the longest fatigue life due to 
combined low stress and frequency.
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Chapter 6
CONCLUSIONS
This study is undertaken with two interrelated objectives in mind. One is 
how to reduce the existing disparity between analytical predictions of panel random 
response and the test results at high sound pressure levels (SPL). By now it is very 
well established tha t small deflection or linear plate theory overestimates the RMS 
deflection and strain and underestimates the modal frequency a t high excitations, 
thus resulting in inaccurate panel fatigue life predictions. This is remedied up to 
a  certain extent by including large deflection stiffness effects in the  plate theory as 
recent analytical efforts have shown. Even then, test results show th a t the measured 
values are still lower than  the predicted ones at higher sound levels. T hat is to 
say that large deflection stiffness theory on its own also overestimates the RMS 
deflection and modal frequency. It is thought, a nonlinear structural damping 
mechanism which only becomes operative at higher excitations might make the 
predictions more realistic. Further many test results have consistently shown that 
there is broadening or opening of the strain response peaks a t higher excitations. 
It is felt tha t large deflection stiffness theory alone cannot explain this phenomena. 
So the second objective is to select a damping mechanism which can contribute 
significantly to the broadening of response peaks at high sound pressure levels.
With the above objectives in mind a polynomial type of damping which has 
both linear viscous and nonlinear structural damping terms is chosen. Analytical 
methods including both nonlinear damping and large deflection effects axe presented 
for determining the random  response of beams and symmetrically laminated rect- 
anglar thin composite plates subjected to acoustic excitation.
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Direct equivalent linearization is used to solve the modal equations which have 
both nonlinear stiffness and nonlinear damping terms. The accuracy of the equiv­
alent linearization was first established by comparing with an exact solution and a 
finite element method for a  single mode with nonlinear damping neglected. The 
approximate results obtained by equivalent linearization compare very well w ith the 
exact solution.
In the case of beams, three modes are considered in the analysis. It is shown 
tha t by considering three modes the prediction of strain is considerably improved 
compared to single mode solution, with or without nonlinear damping. It is also 
shown that for multiple modes analysis, the choice of linear damping is important. 
It is pointed out th a t assuming a constant damping ratio for each mode is more 
realistic compared to th a t of constant damping in all of the modes. The latter 
assumption leads to sharper and higher peaks for higher modes as the damping 
ratio becomes smaller and smaller with increasing modal frequencies. It is also 
shown that this choice of linear damping is crucial for RMS strains in multiple 
modes analysis. The choice of damping has minimal effect on RMS deflections.
Nonlinear damping has maximum influence on the first mode, which is pre­
dictable because it is proportional to square of amplitude. I t ’s effects are signifi­
cant on deflection as well as strains for small values. It is shown analytically tha t 
by including this type of nonlinear damping in the analysis, the strain  response 
peaks at high SSL will become broad and rounded. Strain spectral density plots 
also show that as the excitation increases, the broadening and flattening of the re­
sponse peaks becomes more. Another important feature of nonlinear damping is 
it’s restraining influence on the modal frequencies. The modal frequencies with 
nonlinear damping and large deflection effects considered seems more reasonable 
than the modal frequencies predicted with large deflection effects alone. Still the 
nature of the nonlinear damping term  a q2 q in the modal amplitude equation is 
not clear. It was shown the presence of a nonlinear damping term  0 . 2  q2 q in the 
modal amplitude equation would have same restraining influence on the resonant 
frequency [125]. The precise nature of each of the above terms is yet to  be defined.
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In the case of lam inated plates, in view of the complexity involved with mul­
tiple modes analysis, only single modes analysis is carried out. The same type of 
conclusions tha t are drawn for beams can be drawn in the case of laminated plates 
also.
Apart from the experimental data reported in Ref. 59, further experimental 
data is not available on this type nonlinear damping. In the present study the 
coefficients of the polynomial are arbitrarily adjusted to determine the nonlinear 
damping coefficient values. However, further effort is needed to  better under­
stand effects of nonlinear damping on structural response including experiments for 
determining nonlinear damping coefficients.
All said and done, this study is purely an analytical effort to show tha t inclusion 
of nonlinear damping along with large deflection stiffness effects in the analysis could 
result in more realistic predictions than those obtained by large deflection effects 
alone. To validate this kind of analytical results an extensive experimental effort 
is needed.
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